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Abstract. The primary algebraic model of a ring spectrum R is the ring 7r*ft 
of homotopy groups. We introduce the secondary model 7r*_,i?, which has the 
structure of a secondary analogue of a ring. The homology of 7rt,,iJ is TTtR 
and triple Massey products in 7r*_»_R coincide with Toda brackets in 7r, i?. We 
also describe the secondary model of a commutative ring spectrum Q from 
which we derive the cup-one square operation in 7r»Q. As an application we 
obtain for each ring spectrum R new derivations of the ring 7r»i?,. 
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Introduction 

A ring spectrum i? is a topological analogue of a ring. The primary algebraic 
model of R is the ring n^R of its homotopy groups. We study in this paper sec- 
ondary homotopy operations in n^R which lead to the secondary model ir^t^^R 
extending the ring ^T.^,R. The model TT^t^^R has the structure of a secondary algebra 
which generalizes the notion of algebra in the same sort of way as a 2-group, or 
crossed module in the sense of Whitehead |Whi49j , generalizes the classical notion 
of group by adding a 2-dimensional part. The secondary algebras needed are pair 
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algebras (resp. i?oo-pair algebras) and quadratic pair algebras (resp. _Boo-quadratic 
pair algebras). They are in a natural way secondary models of ring spectra (resp. 
commutative ring spectra) and describe new algebraic porperties enriching the com- 
monly used paradigm of ring. 

A pair algebra B is a ring Bq together with a Bo-bimodule morphism 

d: B^^Bo 

satisfying d{a)b = ad{b) for a,b G Bi. Here Bq, Bi and d are IN-graded. In 
the ungraded case a pair algebra is also termed a crossed bimodule, see jLod98| 
E. 1.5.1]. Pair algebras or crossed bimodules are known to represent elements in 
Hochschild and Shukla cohomology, see [Lod98[ IBPj . Moreover, quadratic pair 
algebras represent elements in Mac Lane cohomology |BJP06j . The cohomology 
class 

(7r,,,i?) G HML^{tt,R,T.-\,R) 

represented by 7r*^*i? is the universal Toda bracket ( [BDSQilSagOSD which represents 
the homotopy category of free i?-modules as a linear extension of categories. 

It is well known that homotopy groups tt* form a lax symmetric monoidal functor 
carrying the symmetric monoidal category of spectra to the symmetric monoidal 
category of abelian groups. This, in fact, implies that homotopy groups of a ring 
spectrum R form a ring. In a similar way we show that there if a lax symmetric 
monoidal functor tt* „ on fi-spectra, given by secondary homotopy groups, which 
yields the structure of a secondary algebra on 7r*_*i?. We do not know of any other 
lax symmetric monoidal functor in the literature leading to such algebraic models 
of ring spectra extending the ring 7r*i?. 

A functor in the opposite direction is studied by Shipley in [Shi06] yielding a 
ring spectrum MD^, for a differential graded algebra D^,. In this case 7r*^*]HID* can 
be described by the secondary algebra associated to D^, see Remark !?^ Moreover, 
ungraded quadratic pair algebras yield examples of rings and commutative rings 
in permutative categories, see Remarks 16.91 and 19.141 and Elmendorf and Mandell 
define in |EM05| a functor carrying such objects to ring spectra. 

Algebraic Massey products in the secondary algebra 7r*_*iZ coincide with Toda 
brackets in 7r*i? fTheorems 12.71 and 16. 4p . Moreover, if R is commutative the al- 
gebraic cup-one square in ■n^ ,,R coincides with the topologycal cup-one square in 
TT^R (Theorems [13] and HHl). 

The new invariant Tr^^^^i? is strictly stronger than the collection of secondary 
operations in 7r*i? as we illustrate in Example 13.71 bv the 3- local sphere spectrum. 
This shows examplary computations in the algebraic model 7r*.*i?. 

In case Rp is the endomorphism ring spectrum of the Eilenberg-Mac Lane spec- 
trum HIj/p the ring ir^Rp = A\s the mod p Steenrod algebra. In |Bau06| the pair 
algebra of secondary cohomology operations B is computed which corresponds to 
7r*_*iip. It is the purpose of this paper to achieve analogous pair algebras associ- 
ated to arbitrary ring spectra. As an example the 0-dimensional part 7ro,*iirW of 
Waldhausen fC-theory is computed in [MT06j . 

The sphere spectrum S (which is a connective commutative ring spectrum) yields 
the Stx) -quadratic pair algebra tt* which enriches the structure of the commu- 
tative algebra tt^S' considerably. This i?oo-quadratic pair algebra acts on tt* ^i? for 
any other ring spectrum R. The laws of this action (see Definition I lO.ip allow the 
construction of the derivations 0{b) as follows. Let b G iinS be an element which 
maps to zero in 7r„i? by the unit map u : — > i? of the ring spectrum R. Then a 
derivation of degree n 

61(6): TT.,R — > Y.-^TT^R 
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is constructued which is well defined up to inner derivation. Moreover 6{b) is tt^S*- 
linear, so it determines a Hochschild cohomology class 

9{b) e HHl^s{Tr^R,^'\^R). 

This class vanishes in case R is commutative. The properties of 9 are described in 
Theorem 11.51 

Special cases of the derivation 9{b) are known in the literature. For example for 
the endomorphism spectrum of HZ/p one has • 1) = for 1 G ttoS and 

9{p-l)^ k: A — >T.A 

is the Kristensen derivation ( jKri63| ) for p = 2 which carries Sq" to Sq"'^^. For 
odd primes k is computed in [Bau06] by k{P^) = and k(/3) = 1. Moreover, if R 
is the endomorphism spectrum of a Z/p-space in the sense of Toda then 9{p ■ 1) for 
p odd coincides with the derivation constructed by Toda in |Tod71j . 

In order to introduce the reader smoothly to the new theory we begin this paper 
with a section recalling classical secondary homotopy operations and defining the 
derivations 9(b) in a topological language. Afterwards we give linear versions of our 
main theorems for the case of ring spectra neglecting the Hopf map. This will help 
the reader to understand the more general quadratic versions which are needed to 
deal with arbitrary spectra. 

We are mainly concerned in this paper with connective spectra in order to avoid 
further technicalities. 

1. Ring spectra and module spectra 

In this paper the framework for stable homotopy theory will be the stable model 
category of symmetric spectra of compactly generated topological spaces defined 
in |MMSSOTt 9]. The smash product of symmetric spectra X AY defines a sym- 
metric monoidal structure in this category. The unit of this monoidal structure is 
the sphere spectrum S. Monoids in the category of symmetric spectra are called 
ring spectra. Ring spectra, modules over a ring spectrum, and algebras over a 
commutative ring spectrum also form model categories, see jMMSSOTl 12]. Fibrant 
objects in all these categories coincide with the objects which are 0-spectra. This 
crucial fact allows the construction of all the new algebraic invariants presented in 
this paper. 

The homotopy groups of a ring spectrum 7r*i? carry Toda bracket operations 
which enrich the ring structure of 7r*i?. Toda brackets have been considered, for 
instance, in [Tod62| for the sphere spectrum S and in |Ale72| . under the name of 
Massey products, for various cobordism spectra. 

The homotopy group 7r„i? coincides with the group of morphisms R 
in the stable homotopy category of right i?-modules. Therefore Toda brackets in 
TT^R are defined following [Hel68| by using the triangulated structure in the homo- 
topy category of right i?-modules, see also |Sag06| . More precisely, given elements 
a,b,c € 7r*i? of degree p,q,r, respectively, with ab = Q and &c = a generic ele- 
ment in the Toda bracket (a, 6, c) C ■Kp-^-q+r+iR is a morphism g in the homotopy 
category of right i?-modules fitting into the commutative diagram 

(1.1) < C < J:p+iR j^p+y+r ji 

g 

R < J:pR ^r—— YP+'iR ^— TP+'i+'-R 

where the upper row is an exact triangle. The existence of such a commutative 
diagram follows from the axioms of a triangulated category. 
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One can also define Toda brackets in 7r*i? following [BD89| by using tracks in 
the category of right i?-niodules (i.e. homotopy classes of homotopies between 
maps). Let us sketch this alternative construction. Since the homotopy groups of 
any fibrant replacement of R are isomorphic to n^R we can suppose without loss of 
generality that i? is a fibrant ring spectrum. In that case the lower row of diagram 
(|l.ip can be realized by a diagram in the category of right _R-modules 



R^ 



■ spi? i j:p+m< Y.p+i+'-R. 

The vanishing hypotheses ah = Q and he — Q imply the existence of null-homotopies 




YP+i+'-R 



(1.2) 



The pasting of this diagram is a self-track of the trivial map 0: 
Such a self-track is the same as a homotopy class 



R. 



g: Y.P+'^+^'+^R 



R, 



which is again a generic element of the Toda bracket (a,6, c). This is the more 
convenient approach from the perspective of this paper. More general Toda brackets 
for a right i?-module A/, (a, b, c) C TTp+g+^+iM, are defined simply by replacing R 
by M on the lower left corner of (jl.ip or on the left hand side of diagram (|1.2p , so 
a £ 7r*M and 6, c £ 7r*i?. 

The stable homotopy groups of a commutative ring spectrum Q carry an ad- 
ditional operation, the cup-one square, defined as follows. Let LQ be a fibrant 
replacement of Q in the category of all ring spectra. The ring spectrum LQ is 
no longer commutative, but it remains commutative up to a coherent track ai 
satisfying the idempotence and the hexagon axioms for symmetric monoidal cat- 
egories, compare Lemma 116.21 Given a £ 7r2„(5, n > 0, we take a representative 
a : 5^" — > LQ where the spectrum S*™ is the m-fold suspension of the sphere spec- 
trum 5, S*™ — £"5. The symmetry isomorphism for the smash square of an 
even-dimensional sphere T/\ : S*^" A 5^" = 5^" A 5*^" is homotopic to the identity. 
We can choose a track f : 152,1/^52,1, there are two such choices. Consider the 

following diagram where /i is the product in LQ. 



(1.3) 



S2n ^ S2n LQ A LQ 




A — ^ LQ A LQ 

The pasting of this diagram is a self-track of /i(aAa). The classical Barcus-Barratt- 
Rutter isomorphism allows us to indetify this self-track with a homotopy class 

Sqiia) : S^"+^ = T,{S^'' A S^^") — ^ Q 

measuring the diff'erence between the pasting of (jl.3p and the identity self-track on 
/i(a A a). This element Sqi{a) € ir^n+iQ is the cup-one square of a. One can check 
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that Sqi{a) does not depend on the representative a. However in general it does 
depend on the choice of f. 

Assume now that i? is a Q-algebra. The main example is Q = S since all ring 
spectra are algebras over the sphere spectrmxi. Let u: Q — > i? be the unit, let taq 
be the symmetry isomorphism for the smash product of Q-modules Ag, and let L 
be a fibrant replacement functor in the category of Q-algebras. The diagram 



QAqR ^ RAqR 




R/\qQ — > RAqR 

commutes but 



— — ULL/\C) 1. — — 

LQ Aq LR ^ LR Aq LR 




LR An LQ )■ LR An LR 

^ IAqLm ^ 



is only commutative up to a certain track ai, compare Remark [10. 71 

If 6 £ 7r„Q is in the kernel of the homomorphism tt^Q 7r*i? induced by the 
unit map u: Q R we can choose a representative x: S*" — + LQ and a track 
y: (Lu)x 0. Given a G iTmR represented by a: S"^ LR the pasting of the 
diagram 












is a selft track of : 5'"+'" = 5"" A 5"' LR, or equivalently an element 

(1.4) Ol^.j;^y){a) e TTn+m+lR. 

One can easily check that this element does not depend on the choice of a. In 
Theorem ll0.6l we identify 0(x.y)ici) in a- purely algebraic way for connective spectra. 
This allows to deduce that 



6 



HANS-JOACHIM BAUES AND FERNANDO MURO 



is a degree n derivation of the graded ring tt^R with coefficients in the desuspended 
bimodule S~^7r,i?. Moreover, Proposition 110. 51 imphes the foUowing theorem. 

Theorem 1.5. Let Q be a connective commutative ring spectrum, let R be a connec- 
tive Q-algebra, and let Iq{R) be the kernel of the ring homomorphism n^u: tt^Q — > 
TTt:R. Then there is a n^Q-module homomorphism 

9: lQ{R)/lQ{Rf HHI^q{ti,R,^'\,R), b + IgiRf ^ {9^,^y^} . 

This homomorphism is natural in R and in Q in the obvious way. This implies that 
vanishes when R is commutative. 

All ring spectra are S'-algebras so the theorem applies to all connective ring 
spectra for Q — S the sphere spectrum. The example of 6{p ■ 1) of Toda shows that 
6 is non-trivial, see [Tod71| . 

For a brief remainder of 1-dimensional Hochschild cohomology see the paragraph 
preceding Definition 14.101 

In Section [T2] we review more technical details about spectra which are needed 
for the proofs of the main results in this paper. 

2. Pair algebras associated to ring spectra 

Let pm be the category of chain complexes of abelian groups concentrated in 
degree and 1. Such chain complexes are termed pair modules, see |Bau06) . and 
are denoted by 

M = {d: Ml Mo). 

The tensor product of two pair modules M®N is obtained from the tensor product 
of chain complexes M®N by quotienting out the subcomplex generated by elements 
in dimension 2, compare [BMR04| . Hence the category pm is symmetric monoidal. 
The unit object is Z = (0 — > Z). Quasi-isomorphisms in pm are morphisms 
inducing isomorphisms on the "homology" functors, 

(2.1) /io,ft.i:pm — > Ab, 
defined by 

hoM = Coker {d : Mi ^ Mq) , 
hiM = Ker(5: Ml -> Afo) . 
These homology functors come equipped with a natural isomorphism 

(2.2) ho{M)®ho{N) = ho{M®N), 

and with natural pairings 

ho{M) (g. hi{N) hi{M®N), 
^ hi{M) (g, ho{N) /ii(MW). 

The isomorphism ()2.2p and the pairings ()2.3p satisfy the obvious associativity and 
commutativity properties, i.e. they define a lax symmetric monoidal structure on 
the functor {ho, hi,Q, . . .) from pm to the category of M-graded abehan groups 
where IN = {0,1, 2,...}. 

We mostly deal with IN-graded objects. An ungraded object is an M-graded 
object concentrated in degree 0. 

The category pm** of IN-graded pair modules M = (Af„ „,7i G IN) is also sym- 
metric monoidal with the tensor product 

(M®A)„,* = M,^^®Nj^^. 

i+j=n 
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The symmetry isomorphism r^: M®N = N^M in pm"^ is defined by ap^q^h^.s i— > 
(^—\Y'^br,s ® 0'p,q- Here the first subscript of Up^g G Mp_q will always denote the M- 
grading and the second one the {0, l}-grading of the corresponding pair module 
Mp^*. We point out that Op^i ® 6^,1 represents in M®N . 

A pair algebra is a monoid in pm'^. It is given by an W-graded ring -B*,05 a-n 
W-graded _B:„_o-bimodule -B*,i, and a i?,,o-bimodulc homomorphism d: B^ i B^ q 
such that 

(2.4) a-d{b) = d{a) ■ b, a,6eS*,i. 

If i? is a pair algebra then by using p.2p and (|2.3p /lo-B is an W-graded ring and 
hiB is an /loB-bimodule in a natural way. 

Let A be a ring. The most basic examples of pair algebras are the inclusion 
of a two-sided ideal I C A and the zero morphism 0: M ^ A where M is an 
A-bimodule. An ungraded pair algebra is also termed a "crossed bimodule", see 
[Lod98l E. 1.5.1]. 

Remark 2.5. Given any ring A and any v4-bimodule M consider the category con- 
sisting of pair algebras B together with a ring isomorphism HqB = A and a bimodule 
isomorphism hiB = M. Morphisms are pair algebra morphisms over A and under 
M . Then the set of connected components of this category is in natural bijection 
with 3-dimensional Shukla cohomology 

SH^{A,M), 

see |BP| . Shukla cohomology is derived Hochschild cohomology. If the inclusions 
hiB C Bi and d{Bi) C Bq split additively then the Shukla cohomology class 
associated to a pair algebra B is in the image of the natural homomorphism from 
Hochschild cohomology 

HH^{A,M) — > SH^iA,M), 

see [BP] and |Lod98[ Exercise E.1.5.1]. 

There is a notion of Massey product for pair algebras which is defined as follows. 

Definition 2.6. Let S be a pair algebra. Given elements a,b,c G HqB of degree 
p,q,r gK with ah = and bc= the Massey product is the subset 

(a, 6,C) C hiBp+q+r 

which is a coset of the subgroup 

{hiBp+q)c + a{hiBq+r) 

defined as follows. Given a e -Bp.o, b £ Bq^O: c G Br,o representing a, 6, c, there 
exist e € / G Sq+r,! such that 9(e) = d-b, d{f) ^ b-c. Then one can easily 

check that 

— e • c -I- a • / G hiBp^q^r C i3p+g+r,i- 
The coset (a, b, c) C hiBp+q^r coincides with the set of elements obtained in this 
way for all different choices of a, 6, c, e and /. 

We say that a ring spectrum R neglects the Hopf map if the stable Hopf map 
ry G TTiS* is in the kernel of the ring homomorphism tt^S —>■ n^R induced on stable 
homotopy groups by the unit S ^ R. 

Recall that the desuspension Yi^^A of an M-graded ring A is (S^^j4)„ — A„_|_i, 
n > 0, with the IN-graded A-bimodule structure defined by the formula 

a-{i:-^b)-c = (-l)l''lE-i(a-6-c). 

Here \a\ is the degree of a G A and for any x G ^n+i, n > 0, we denote by 
Y,~^x G {Y2~^A)n the corresponding element in the desuspension. One of our main 
results is the following. 
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Theorem 2.7. There is a functor 

Ki' : ( '^^^^^'^^^ ™g ) ^ (pair algebras) 
\^ spectra neglecting rj J ^ ' 

together with natural isomorphisms 

hoK'^^^R = 7r,i?, of rings, 

hiK'^fR = of bimodules, 

such that the Massey products in TrJ'J'i? coincide with the Toda brackets in 7t^,R. 

Proof. The functor ir^'^f is defined by the formula ir^'^fR — (vr^ ^i?)"'^'' where is 
the functor in Theorem 16.41 and (— )°'''^ is the additivization functor in (|5.6p . Now 
the theorem follows from Theorem 16.41 and Proposition 15.71 □ 

Example 2.8. Common examples of connective ring spectra neglecting the Hopf 
map are the spectra associated to multiplicative cohomology theories concentrated 
in even non-negative dimensions, such as connective complex if-theory ku, complex 
cobordism AIU, Brown-Peterson theory BP ... If i? denotes any of these ring 
spectra then the pair algebra 7r"'^/i? is quasi-isomorphic to 

0: — > TT^R. 

In fact if B is any pair algebra such that hoB is concentrated in even degrees and 
hiB is concentrated in odd degrees then we have a diagram of quasi-isomorphisms 

hiB 4—^ Bcvc„4 ® hiB^ J. 



hoB 

Algebras over the Eilenberg-Mac Lane spectrum iJZ also neglect the Hopf map. 
Any connective iJZ-algebra is weakly equivalent to the i?Z-algebra HD* of a differ- 
ential graded algebra I?, concentrated in non- negative dimensions, see |Shi06j . The 
theory developed in this paper allows one to compute a small model of tt^'^/HD* . 
Indeed this pair algebra is quasi-isomorphic to 

d: ^-\D,/d{D,)) — > Z,. 

Here Z^, C I?* is the subring of cycles and d is induced by the differential in I?*, 
compare |BM021 3.6]. 

The algebra of secondary mod p cohomology operations B, for p a fixed prime, 
computed in |Bau06| . is a pair algebra. This pair algebra has proved to be useful 
for computations of d2 differentials in the classical Adams spectral sequence, see 
}B J04j ■ The pair algebra B corresponds to the coconnective version of tt* „i? for 
R = End{HZ/p) the endomorphism spectrum of the mod p Eilenberg-Mac Lane 
spectrum. The coconnective theory, however, is not considered in this paper. 

Remark 2.9. Given an ungraded ring A and an ungraded ^-bimodule M, the 
Shukla cohomology SH^{A, M) is naturally included in Mac Lane cohomology, 
see ^JP86l IBP| , which is isomorphic to the topological Hochschild cohomology of 
the corresponding Eilenberg-Mac Lane ring spectrum, compare jPW92| . 

(2.10) SH^{A, M) ^ HML^{A, M) = THH^{HA, HM). 

If i? is a connective ring spectrum neglecting rj we can consider the ungraded pair 
algebra ir^'^fR in the bottom degree of 7r"'^/i? in Theorem l2 . 71 vielding the associated 
Shukla cohomology class 

(7r^,f i?) e SH^{noR,niR). 



(Seven, 0) 
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On the other hand Lazarev |Laz01] introduced the "first fc-invariant" 

fc)f e THH^{H{-KoR),H{-KiK)) 

of the ring spectrum R. We claim that the image under (12.10p of the class {ir^'fR) 
in topological Hochschild cohomology can be identified with the first Postnikov 
invariant of the ring spectrum R. 



3. iJoo-PAIR ALGEBRAS ASSOCIATED TO COMMUTATIVE RING SPECTRA 

A commutative pair algebra is a commutative monoid in pm''^. We need a weaker 
notion given by a pair algebra which is commutative up to a coherent homotopy as 
follows. 

Definition 3.1. An E^o-pair algebra C = (C, ^i) is a pair algebra C = C*,* 
together with a homomorphism 

'—'1 '■ C'*,o ® C*,o — C*,i 
also called cup-one product such that given Xi S C„;,o and s € Cm,i, 

(-ir-"^a;2 • s + -1 = S-X2, 
(-l)"i-"^a;2 -1 xi +a;i --1 = 0, 

{xi-X2)-—lXz = {-iy'''^'"^''{xi -^l Xz) ■ X2+ Xi ■ {X2 —I Xs,). 

The ring h^C is commutative and hiC is an hQC-vaodnlc in a natural way. 

Remark 3.2. If /i: C®C C denotes the multiplication on the E'oo-pair algebra 
C then the cup-one product consists exactly of a chain homotopy -i : /ir^ ^ ^ 
which is idempotent 




and such that the hexagon 





i(1®m) 





^(^4 ^ 1) 



commutes. These are the usual axioms in a symmetric monoidal category, see 
[Bor94] . Indeed there is an additional diagram, called the pentagon, which should 
commute. In this case it commutes automatically since the product in C is strictly 
associative. 

Pair algebras carry a notion of Massey product as we saw in Definition 
i^oo-pair algebras carry in addition a notion of cup-one square. 
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Definition 3.3. Let C be an i^oo-pair algebra. Given an element a G hoC2n,* we 
define the cup-one square Sqi{a) of a in the following way. Choose a representative 
a £ C2n of a. Then we have 



so we can set 



Sqi{a) = a 



la) = 0, 
~— ^1 a G hiCir, 



One readily checks that the cup-one square construction Sqi{a) does not depend 
on the choice of a representative a made for its definition. 



Theorem 3.4. There is a diagram of functors 

> (i?oo-pair algebras) 

forget -^i 



connective commutative 
ring spectra neglecting rj 



-> (pair algebras) 



inclusion 



connective ring 
spectra neglecting 77 

Here the lower horizontal arrow is the functor in Theorem \2.7\ This diagram com- 
mutes up to natural quasi-isomorphisms as in 1^17. 4\ ) below. Moreover, given a 
connective commutative ring spectrum Q the algebraic cup-one squares in Tr^'JfQ 
coincide with the topologically- defined cup-one squares in 7r*Q. 

We prove this theorem in Section [ITl It follows from Theorems 13 .41 and 12 . 71 that 
Massey products in n'^f^R coincide with Toda brackets in R. 

Example 3.5. Let Z?* be a differential graded algebra concentrated in non- negative 
dimensions endowed with a ^1 operation consisting of a degree 1 homomorphism 



: 



d{x2), 



(3.6) 

satisfying the Hirsch formulas 

d(xi -^1 X2) = xi • X2 - (-1)"''"^X2 • xi - d(a;i) —1 X2 - (-l)"'a;i 
(xi-X2)-ia:3 = (-l)"ixi-(x2-iX3) + (-l)"^-"Ma^i -12:3) •0:2, 

compare |McC851 page 267]. Then the pair algebra 

d: Y.-\D,/d{D,)) — > 

in Example l2.8l is an i?oo-pair algebra with cup-one product induced by ^1 in (|3.6[) . 



Example 3.7. Let 5(3) be the 3-local sphere spectrum, which is a commutative ring 
spectrum, and let Z(3) be the 3-local integers. The computations in this example are 
based on classical results which can be found for instance in |Tod62j and [Rav86| . 
Up to dimension 13 the abelian group 7r„5(3) is given by 



n 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


7I'n5'(3) 


Z(3) 








Z/3 











Z/3 








Z/3 


Z/9 





Z/3 


generators 


1 






ai 








Q!2 






Pi 


^'3 





ai ■ l3i 



The stable homotopy ring 7r*S'(3) is a commutative Z(-3')-algebra. The only product 
in degrees < 13 which is not indicated above is 



ai ■ a2 — 0. 
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Moreover, the non-vanishing secondary homotopy operations in this range are the 
Toda brackets 

(ai,3, ai) = q;2, 
(Q;i,ai,ai) = /3i, 
(ai,3,Q!2) = S-ag. 

We are going to show in this example that the knowledge of the secondary ho- 
motopy operations gives us some information about the i^oo-pair algebra 7r^'^'^5'(3) 
in degrees < 12, but it does not determine the whole structure. This proves that 
the algebraic object Tr^'Jf £'(3) contains more information than just the collection of 
classical secondary homotopy operations. 

The natural morphism 7r°'^'^S'(3) 7r°'*J^S'(3) ® Z(3) is a quasi-isomorphism since 
7r*S'(3) is 3-local. Let us choose oi, 02, 5i, G 7r*,o5'(3) 02(3) representing ai, a2, 
q;3, respectively. Taking pull-backs, as in Section [TU we can define a quasi- 
isomorphic _Boo-pair algebra C — > tt^'^^S(^3) '^^{3) such that C*,o coincides in dimen- 
sions < 12 with the free Z(3)-algebra generated by 01,02,61,03. Any submodule 
of a free Z(3)-module is free since Z(3) is a principal ideal domain, therefore, since 
hoC = 7r*S'(3) and hiC = I]~^7r*S'(3), the pair modules C„ * are given for n < 12 

by 



n 


Cn,0 


generators 


Cn.l 


generators 







1 







1 












2 







Z/3 




3 


2(3) 




2(3) 


ai 


4 












5 












6 


2(3) 


4 


Z(3) © z/3 




7 


2(3) 




2(3) 


0.2 


8 












9 


2(3) 


al 


Z(3) ® Z/3 




10 


2(3) © Z(3) © Z(3) 


ai ■ 02, 02 • fli, 61 


Z(3) ©Z(3) ©Z(3) ©Z/9 


ai,2,a2,ii^iiS~^"3 


11 


2(3) 


^3 


2(3) 


Og 


12 


2(3) 


aj 


Z(3) ® z/3 





whereai,aj^ ,02,0]^ , 01^2, ^2,1, 61, ^3, a-i are arbitrarily chosen elements satisfying 
d{ai) = 3 • fli, i = 1,2, 
d{af) = al, i = 2,3,4, 
a(ajj) = ai-aj, {i,j} = {l,2}, 
= 3 -61, 
-9(53) = 9-4. 

The desuspended elements are in hiC = Ker9. Since 9 is a C*^o-bimodule homo- 
morphism 

Oi • Oi = i ■ a^i^ + m ■ {Tj^^ a2) , 
01-02 = 3 • ai_2 + ™' • (^""'^ag), 
01-02 = 3 • 0x^2 + ™" ■ (S~ V3), 

for some m G Z/3 and m' ,m" £ Z/9, and we can choose op-* and o^^^'' so that 

a\.-a^^^ = af+'\ z = l,2. 
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Moreover, 



2 -(2) 
= • 

-(4) 

f2) - - 

By the laws of an i^oo-pair algebra we see that we can choose a\ ,ai, 2,012,1 in 



such a way that 



o -(2) 



ai ^1 a2 = a2,i + ai,2, 

and moreover 

ai ■ ai = —ai • oi + ai ^1 (3 • oi) 

= -3 • af ^ - m • (S-^a2) + 6 • ^ 

= 3-af^ -m- (S-^aa), 

0,2 ■ ai = -ai ■ 0.2 + ai ^1 (3 • 02) 

= -3 • ai,2 — m' ■ {T,~^a'^) + 3 • 02,1 + 3 • ai,2 

= 3 • a2,i — to' • (£"^0:3), 

02-51 = —ai -02 + 02 "^1 (3 • fli) 

= -3 • ai,2 - m" ■ (S-^a^) + 3 • 02,1 + 3 • ai,2 

= 3-a2,i -m"- (S-^ag). 

The action of ai on E~^ai, T,~^a2, yields from the left and from the right, as 
well as the action of 02 on E~^Q!i, and 

ai-(I]-i/3i) = -E-i(ai-/3i) 

= -S-i(/3i-ai) 

= -(S-Vi)-ai. 

Finally the known Toda brackets yield the equalities 

S~^a2 = —oi-ai+ai-di 

= —TO • {T,~^a2), 

E-i/3i = -af ^ -ai+ai- af ^ 

- -(3) 



3 • (E ^03) = — ai • a2 + ai • a2 

= (to' - to") • (S-ia^). 



In particular 



m = -1 e Z/3, 
m" = to' - 3 e Z/9. 

The equations above determine, up to dimension 9, the structure of C, and 

hence the structure of 7r!jJ'*J^S'(3) up to quasi-isomorphism. In dimensions < 12 the 
structure is determined up to the unknown constant to' G Z/9, which can not be 
deduced from the secondary homotopy operations in 7r*5(3). The reader who wants 
to familiarize himself with the new algebraic invariants introduced in this paper 
can try to compute more about n'^'^^S^^-^ with the help of the classical calculations 
available in the literature. One can also try with primes p> 3. 
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We remark that the elements S ^ai,ai, ai, 02, a2, 61, ai^2, bi, S ^ct'^, 03, 03, gen- 
erate C as an _Boo-pair algebra in dimensions < 12 since the rest of elements aj*\ 
T,~^a2, 0-2.1, S~-'^/3i, I]~^(ai • f3i), i = 2,3,4, can be written in terms of these 
generators, the product and the cup-one product in C. 

Remark 3.8. The coherence conditions in Remark 13.21 are related to the Barratt- 
Eccles operad introduced in |BE74| . Indeed, one can check that £'oo-pair algebras 
are algebras over the following operad in pm. Let BE be the simplicial Barratt- 
Eccles operad and let C^^BE be the operad of chain complexes obtained by taking 
normalized cochains on B£. If we truncate this operad by dividing out the subcom- 
plexes generated by the elements in dimensions > 2 we obtain an operad t<c2C*B£ 
in pm whose associated algebras are exactly the i?oo-pair algebras. 

Now let A be an ungraded commutative ring and let M be an ungraded A- 
module. We consider the category consisting of ungraded i?oo-pair algebras C* with 
specified isomorphisms /iqC* = A and /iiC* = M and Stxj-pah algebra morphisms 
over A and under M . Then the set of components of this category is in natural 
bijection with the operadic cohomology group 



defined in f BMR04j , which in dimension 3 is the "commutative analogue" of Shukla 
cohomology, see Remark 12.51 This cohomology is likely to be related to the F- 
cohomology of Robinson and Whitehouse, compare |BMR04l 7]. Moreover, this 
operadic cohomology group should map to the third topological Andre-Quillen co- 
homology group, where the first Postnikov invariant of a connective commutative 
ring spectrum R lives, see |Bas99) . In fact, if R neglects the Hopf map the class 
of the ungraded i?oo-pair algebra ttq'^^R should be mapped this way to the first 
Postnikov invariant of R as in the non-commutative case, see Remark 12.91 



4. Algebras over commutative ring spectra neglecting the Hope map 

In stable homotopy theory we have the notion of a connective algebra over a 
connective commutative ring spectrum Q, which is a connective ring spectrum R 
with a two-sided action of Q. If Q neglects the Hopf map then so R does and by 
Theorems 12 . 71 and 13 . 41 the ring spectra R and Q give rise to a pair algebra n'^'^fR and 
to an i?oo-pair algebra tt'^'^^Q. In this section we study the algebraic properties of 
the induced action of Tr^'Jf Q on 7r°'^/i?, obtaining Theorem [L5] for spectra neglecting 
the Hopf map as an application. 

Definition 4.1. Let C be an i?oo-pair algebra. A C -algebra is a pair algebra B 
together with a pair algebra morphism u: C B, called the unit, and two external 
cup-one product operations. 



%.c,B£{A,M) 



1 : B.j,^o ® C*_o 
1 : C^,fi ® i?*,o 
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such that given Xi G B^.o, s G i3m,i, Xi G C„.^o, s G Cm.i, the foUowing equations 
hold, compare Definition 13. II 







1 -^2 J 


"'U V*^ J- / i -^z 








— 2;i '1 uo(^a;2 J, 


(4.3) 


{-ir'-^-X2-Uo{il)+d{xi ^ 


"1 a;2) 


= ua{xi)-X2, 


(4.4) 


(-l)™-"^Uo(S2) -5 + 3(5) • 


— 1 ^2 


= S-Mo(i2), 


(4.5) 


(-l)™-"^a;2-Mi(s)+<9(S) • 


— 1 X2 


= Ui{s)-X2, 


(4.6) 


(-1)"-"^X2 -1 il+ii- 


X2 


= 0, 


(4.7) 


(-l)"^-"^(£l ^1 Xg) • Uo(i2) + "0(£l) • {X2 - 


"1 X3) 


= (ii • X2) -^1 X3 


(4.8) 


(-l)"^-"-^(a;i -1 ia) • a^2 + xi • (a;2 


"1 X3) 


= [xi ■ X2) xz 



The ring h^B is an /loC-algebra in such a way that the /ioi?-bimodule hiB 
restricts to an /loC-module. 

Remark 4.9. Any .Eoo-pair algebra is an algebra over itself. Moreover, given a 
morphism of E'oo-pair algebras f : C ^ C and a C-algebra B then B has a C- 
algebra structure, denoted by f*B, with unit uf : C ^ B and external cup-one 
products obtained by precomposing with /. 

The main new secondary homotopy operation on algebras over .Eoo-pair algebras 
is introduced in the next definition. We need to recall first some basics facts on the 
1-dimensional Hochschild cohomology of graded algebras. 

Recall that given a commutative algebra K, a X-algebra A, an A-bimodule 
M which is also a -ftT-module, and n G Z, a degree n derivation is a degree n 
homomorphism of if-modules d : A ^ M such that d{a-b) — d(a)-6+(— l)"l"la-d(6). 
Any m £ M gives rise to a degree |m| derivation dm^a) ^ m ■ a — (— l)l™ll'''a • 
m. These derivations are called inner derivations and they form a submodule 
Innif(A, M) C DeixiA, M) of the if -module of all derivations. The 1-dimensional 
Hochschild cohomology group of A with coefficients in M coincides with the quotient 
if-module 

HH]^{A,M) = V)CT:K{A,M)/lmiK{A,M). 

Definition 4.10. Let C be an £'oo-pair algebra and let i? be a C-algebra. We 
associate to any pair (a;, y) with x G Co,n a-nd y G -Bn.i such that d{y) = uq{x) the 
degree n derivation 

(^(x,y) ■ hoB — > hiB 

defined by 

0(x,y)ia) = • a+ (-l)"l''la • y -f x — 1 a. 

Here a G -B*,o is a representative of a G HqB. This is indeed an element in hiB by 
()4.3p . Moreover, 0(^x,y) = provided B is an i?oo-pair algebra and u is a morphism 
of i?oo-pair algebras. It follows from equations (j4.4p and (|4.6p that ^(3; j,)(a) does 
not depend on the choice of a. In order to check the derivation property for d{x,y) 
one uses equations ()4.8p and (|4.6p . It is /loC-linear since 0(^x,y) vanishes in the image 
of Hqu. This follows from equations (|4.2p and (|4.5p . 

Proposition 4.11. Given an Eoo-pair algebra C and a C-algebra B let Ic{B) be 
the kernel of the ring homomorphism Hqu: HqC HqB. There is an HqC -module 
homomorphism 

0: Ic{B)/Ic{Bf HHlc{hoB,hiB) 

which sends an element in Ic{B)/ Ic{B)^ represented by x € C„_o to the element 
in Hochschild cohomology represented by a derivation O^^ y) as in Definition \10.4\ 
for any y G i?n,i with d{y) — Uo{x). The homomorphism 9 is natural in B and in 
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C in the obvious way. In particular = when B is an Eao-pair algebra and u is 
a morphism of Eoo-pair algebras. 

Proof. Using equation (|4.5p one can check that the cohomology class of the deriva- 
tion 0(x,y) only depends on the projection of x to Ic{B). In this way one obtains a 
homomorphism 6 from Ic{B). Given z e Cm,o representing c G HqC 

Siz-x,uo{z)-y){a) ^ -uo(2:) -ya-l- (-l)("+")l''la-Mo(z) •y+ (z-a;) --1 a 

ilOl = -uo(2) • 2/ • a + (-l)"'°'uo(z) • a • y 

-(-l)"l°l9(z --1 d)-y+iz- x) a 

a) • uo{x) + (z • x) a 
BTt = -uo{z) ■ y ■ a + {-l)"-^''^uo{z) ■ d ■ y + uq{z) ■ {x -^i a) 

= uo(z)-(-ya+(-l)"l''la-2/ + a;-'ia) 

This formula shows that 6 is ft-oC'-linear and also that d{Ic{B)^) =0. □ 

Algebras over commutative ring spectra neglecting the Hopf map are a source of 
algebras over £^oo-pair algebras as the following theorem shows. 

Theorem 4.12. Let Q be a connective commutative ring spectrum neglecting the 
Hopf map and let tt'^'^^Q be the Eoo-po,ir algebra given by Theorem \3.4\ There is a 
diagram of functors 

(connective Q-algebras) '■ — > (Tr^'^^'^Q-algebras) 



forget 

connective ring 
spectra neglecting rj 



forget 

(pair algebras) 



which commutes up to natural quasi- isomorphisms. Here the lower arrow is the 
functor in Theorem \2.7\ Moreover, if f : Q' Q is a morphism of connective 
commutative ring spectra neglecting the Hopf map then the square 

^ada 

(connective Q-algebras) — '-^ (•TrJ'^'^Q-algebras) 



/* 



«?/)* 



(connective Q'-algebras) — '-^ (vr^'^^'^Q'-algebras) 

commutes up to natural quasi-isomorphisms. Furthermore, if R is a connective Q- 
algebra, a G TTmR, and b G 7r„Q is in Iq{R) = Ker[7r»Q — > 7r»i?] = I^adaql'K'^'^^R), 

then the element 9(^x,y){o) G T^n+m+iR — {hi'^'i'^^R)n+m defined in |_?.^[ ) can be 
identified with 0j^^ y^{a) in the sense of Definition \4.H]\ 

This theorem can be derived from Theorem 110.61 in the same way as we derive 
Theorem 13.41 from Theorem l9.12l in Section [T71 see Remark 117.51 for details. 

5. Square groups and quadratic pair modules 

We now describe quadratic generalizations of pair modules, pair algebras and 
-Eoo-pair algebras. The quadratic concepts are needed to achieve results as above 
on general ring spectra not neglecting the Hopf map. In fact, the Hopf map requires 
the use of quadratic structure as developed in [BP991 IBJP05| . In this section we 
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quickly recall the basic quadratic algebra which is needed in this paper. We do not 
recall, for example, the definition of the quadratic tensor product, but we later give 
explicit definitions of monoids and modules in the monoidal category of quadratic 
pair modules, see Definitions 16.11 and 17.11 We relate the quadratic concepts to the 
additive (non-quadratic) situation which was used in the previous sections. 
A square group X is a diagram 

p 

X = {Xe ^ Xee) 
H 

where Xf. is a group with an additively written group law, X^e is an abelian group, 
P is a homomorphism, H is, a, quadratic map, i.e. a function such that the cross 
effect 

{a\b)H H{a + b) - H{b) ^ H{a), a,beXe, 
is bilinear, and the following relations are satisfied, x,y ^ Xge, 

{Px\b)H - {a\Py) - 0, 
P{a\b)H = -a-b + a + b, 
PHP{x) = P{x) + P{x). 

In particular Xe is a group of nilpotency class 2 and P maps Xee to the center of Xg , 
so its image is a normal subgroup. Let SG be the category of square groups where 
a morphism of square groups / : X — > y is given by homomorphisms fe : Xe — > Y^. , 
fee - Xee ^ee, Commuting with P and H. An abelian group is identified with a 
square group X with Xee = 0. In this way we have a full inclusion Ab C SG of 
the category of abelian groups into a category of square groups. 
For any square group X the function 

T=HP-1: Xee^ Xee 

is an involution, i.e. a homomorphism with = 1. Moreover, 
A: Xe — > Xee-- X ^ {x\x)h - H{x) + TH{x) 

is a homomorphism which satisfies TA = —A. The cross effect induces a homo- 
morphism 

(-I-)h: ®'CokerP^Xee, 

where ®'^A — A® A is the tensor square of an abelian group. We say that X is 
good if this homomorphism is an isomorphism. 
As an example of square group we can consider 

Z„,; = (Z^Z) 
H 

with P = and H{n) = (^) = ^i^. 

For a pointed set E with base-point * G -E let 1\E\ be the free abelian group 
with basis E — {*}, and let {E)nu be the quotient of the free group (E) with basis 
E—{*} by triple commutators. Both Z[— ] and {—)nii are functors on the category of 
pointed sets and we have the natural abclianization homomorphism {E)nii -» Z[£'] 
which is supressed from notation. 

There is a square group 

(5.1) Zmi[E] = {{E),M^'»^nE]), 

H 

where P{a (E)b) = —b — a + b + a, H{e) = for any e £ E and (s\t)H = i s so that 
2nii['S'°] ~ '^nii- Thesc are canonical examples of good square groups. 
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A quadratic pair module C is a morphism d: C(i) C(o) between square groups 



(0) 



C(i) 



{Cq ^ Cee), 
H 

P 

(Ci ^ Cee), 
Hi 



such that 9ee = 1 '■ Cee —>- Cee IS the identity homomorphism. Hence C is completely 
determined by the diagram 

(5.2) 




where d = de, Hi = Hd and Pq = dP. We say that C is 0-good if C(o) is a good 
square group. Moreover, C is 0-/ree if C(o) is of the form (|5.ip . 

Morphisms of quadratic pair modules f:C~>D are given by group homomor- 
phisms /q: Co ^ -Do, /i : Ci ^ £>i, /ee : Cee ^ £'ee, commuting with H, P and 
d in (|5.2p . They form a category denoted by qpm. A quadratic pair module with 
Cee = is the same as a pair module. In this way the category pm of pair mod- 
ules is regarded as a full subcategory pm C qpm. We write qpm^ for the full 
subcategory of 0-good quadratic pair modules. 

We have functors 

ho, hi: qpm > Ab 

defined by h^C — CokerS and hiC — Ker9 as in (j2.ip . A quasi- isomorphism of 
quadratic pair modules is a morphism inducing isomorphisms on ho and hi. 



Remark 5.3. As shown in [BJP05j . the category SG is a symmetric monoidal cat- 
egory with the tensor product X QY oi square groups and with unit object "Lnu- 
Moreover, there is a symmetric monoidal structure on qpm defined by using the 
tensor product of square groups, see |BM07j. The unit object for the monoidal 
structure in qpm is 

/ 

P / \ H 



\ 




\ 



I 



where P is the non-trivial homomorphism and ll(n) ~ as in (|5.ip . 

The functors h^ and hi also admit pairings as in l|2.2p and (|2.3p . so they assemble 
to a lax symmetric monoidal functor from qpm to the category of H-graded abelian 
groups. This implies, since hiLnn = Z/2, that the unit isomorphism C Inii — C 
induces a natural homomorphism 



(5.4) fc:/ioC0Z/2 — 

which, in fact, is given by the formula k{x) 



hiC 



P{x\x)h- This homomorphism, 
termed the k-invariant of C, corresponds to the action of the Hopf map in homotopy 
groups, see Propositions 113.91 and [TSTH below. 

The full inclusion Ab C SG above admits a reflection given by 

(5.5) (-_)arf<i. gQ — ^ ^add ^ CokerP. 

The full inclusion pm C qpm also admits a reflection functor 

(5.6) (-)'"*'': qpm — > pm: C ^ C'^'^ 



18 



HANS-JOACHIM BAUES AND FERNANDO MURO 



which sends d: C(i) C(o) to the abehan group homomorphism 
Qadd. (jadd ^ Coj^grP — > Coker9P = C("of 

induced by 9: Ci — > Cq. 

The natural projection C (jadd ^ which is the unit of the reflection (|5.6p . 
induces an isomorphism on hi but not necessarily on /iq. For /iq we have the 
following result. 

Proposition 5.7. Let C be a 0-free quadratic pair module. The natural projection 
C (ja.dd g quasi-isomorphism if and only if the k-invariant of C , as defined in 
^5-4^, is trivial. 



Proof. The fc-invariant is invariant under quasi-isomorphisms, and pair modules 
have obviously trivial fc-invariant, therefore the "only if" part follows. 

Suppose now that C is a 0-free quadratic pair module with trivial fc-invariant 
and C(o) = 'Znu [E] . Then the homomorphism 

P: (E)^Z[E] — > Ci 

factors through the exterior square by 

P: A^Z[E] — > Ci. 

The composite dP: "^[E] {E)nii is known to be an injection with cokernel 
Z[£^], therefore P is also injective. This implies that we have a commutative diagram 
with exact rows 

A^Z[E]'-^^ Ci » Cf"^ 





d 


Qadd 









K^TL{Ef > Co » Cf'^ 

hence the proposition follows from the "snake lemma" . □ 

Remark 5.8. The inclusion Ab C SG strictly preserves the tensor product. More- 
over, Ab C SG is a lax symmetric monoidal functor with lax symmetric monoidal 
structure given on units by the square group morphism Znu Z which is the 
identity on the e-level. The reflection (|5.5p is strict symmetric monoidal since it 
preserves the tensor product and the unit Z'^ff = Z. 

Similarly the inclusion pm C qpm is lax symmetric monoidal. It is strictly 
compatible with the tensor product, and the structure morphism Znu — *■ Z between 
the units is the identity on the 0-level. As in the case of square groups the reflection 
functor ()5.6p is strict symmetric monoidal. 

Remark 5.9. A permutative category is a small category P with a symmetric 
monoidal structure © with unit object which is strictly associative 

{A®B)®C = A(B{B®C), 

and strictly unital 

A® = A 

= OOA, 

but not necessarily strictly commutative, i.e. the isomorphism 

T© : A © P = B®A. 

needs not be the indentity. 

A quadratic pair module C yields a permutative category PC with object set 
Cq. The morphism set is the semidirect product Cq k Ci, where Co acts on the 
right of Ci by the formula cl" = ci + P{d{ci)\co)H- An element (co, ci) £ Cq t< Ci 
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is a morphism (co,ci): cq — » cq + 9(ci).The composition in PC is determined by 
the sum in Co x Ci . Moreover, the monoidal structure ® is also defined by the sum 
in Co and Co ix Ci, that is A(BB = A + B. The symmetry isomorphism is 

T(s = {A + B,P{B\A)h): A®B ^ B®A 

Notice that PC is indeed a groupoid. 



6. Quadratic pair algebras associated to ring spectra 

In this section we give an exphcit description of quadratic pair algebras. We also 
define Massey products for quadratic pair algebras and show that they correspond 
to Toda brackets. 

Definition 6.1. A quadratic pair algebra B is an IN-graded quadratic pair module 
n G IN}, together with multiplications, n, m e IN, 





X Bjji 


,0 


Bn-j-m,0 ; 


Bn,0 


X B„i 






Bn,l 


X Bm 


,0 — ^ 


Bn-\-m,l-) 


Bn,ee 




ee * 


Bn-\-m,eet 



and an clement 1 G -Bo.o with H{1) = which is a (two-sided) unit for the first 
three multiplications and such that (l|l)i/ G -Bo.ee is a (two-sided) unit for the 
fourth multiplication. These multiplications are associative in all possible ways. 
Moreover, the following lists of equations are satisfied for x,Xi S B*,0) s,Si € 
and tti G Bif^eg. The multiplications ■ are always right linear 

Xi ■ {X2 + X3) — Xi-X2+Xi-X3, 
X ■ {Si + S2) = X-SI+X-S2, 
S-{xi+X2) = S-XI+S-X2, 

ai ■ ((12 + as) = ai ■ a2 + ai • 03. 
The multiplications • satisfy the following left distributivity laws 

{Xi+X2)-X3 = Xi-X3 + X2-X3 + dP{{X2\xi)H ■H{X3)), 

{xi + X2) ■ s = xi ■ s + X2 ■ s + P{{x2\xi)h ■ Hd{s)), 
{si+s2)-x = Si ■ x + S2 ■ X + P{{d{s2)\d{si))H ■ H{x)), 

(0,1 +0,2) -03 — 01-03 +02 -03. 

The homomorphisms d are compatible with the multiplications • in the following 
sense 

d{x ■ s) = X ■ d{s), 
d{s ■ x) = d{s) ■ X, 

d{si)-S2 = Si-d{S2). 

And finally, we have compatibility conditions for the multiplications ■ and the maps 

P, H, A, and (-|-)h, 

P{{x\x)h - a) — X ■ P{a), 

P{a-A{x)) = P{a)-x, 

H{xi-X2) = {xi\xi)h ■ H{X2) + H{xi) ■ A{X2), 

HdP{ai-a2) = HdP{ai)-a2 + ai-HdP{a2)-HdP{ai)-HdP{a2), 

{Xi ■ X2\X3- X4)h = {xi\x3)h ■ {X2\X4)h- 
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Remark 6.2. In jBM07j we define the monoidal category qpm^ of M-graded 0-good 
quadratic pair modules. A quadratic pair algebra B which is 0-good is the same as 
a monoid in qpm^. The product ai ■ bj of two elements in levels i,j E {0, 1} with 
i + j < 1 is given by the image of the right linear generator ai@bj in the tensor 
product of square groups under the structure morphism B Q B ^ B oi the monoid 
B. li i = j — ee then a.; • bj is the image of ® bj G (B i?)ee = B^: ee ® ^*,ee- 
To see this requires a technical computation which only uses the formvilas for the 
tensor products of square groups and quadratic pair modules in [BJP06, BM07] . 
We leave it to the reader. 

If i? is a quadratic pair algebra then HqB is an IN-gradcd ring and hiB is an 
/ioi?-bimodule in a natural way. Massey products are defined for quadratic pair 
algebras as in Definition 12.61 above. 

Definition 6.3. Let i? be a quadratic pair algebra. Given elements a,b,c E hoB, 
of degree p, g, r £ IN with ab = and be = the Massey product is the subset 

(a, b, c) C hiBp+q+r, 

which is a coset of the subgroup 

{hiBp+q)c + a{hiBg+r), 

defined as follows. Given a 6 Sp,o, b G S^.o, c S B^.o representing a, b, c, there 
exist e € Bp+g.i, / G Bq^r,i such that 9(e) — a -b, d{f) = b-c and one can easily 
check that 

—e-c + a-fG hiBp+qj^r C i3p+g+r,i. 
The coset (a, b, c) C hiBp^q^r coincides with the set of elements obtained in this 
way for all different choices of a, b, c, e and /. 

The next result identifies Toda brackets for ring spectra with Massey products 
for quadratic pair algebras. 

Theorem 6.4. There is a functor 

TT* : (connective ring spectra) — > (quadratic pair algebras) 
together with natural isomorphisms 

/io7r*,*-R ^ TT*R, of rings, 

/ii7r*^»_R ^ Ti^^TT^R, of bimodules, 

such that the Massey products in 7r*^,i? coincide with the Toda brackets in tt^R. 
Moreover, using the isomorphisms as identifications the algebraically-defined k- 
invariant of the quadratic pair algebra tt, „i? in 

k: 7r*i?0Z/2 > 

coincides with the multiplication by rj where rj is the stable Hopf map. 

We prove this theorem in Section [TCI 

Example 6.5. Waldhausen defined in [Wal78| the if-theory spectrum A'W of a 
category W with cofibrations and weak equivalences. This spectrum is a symmetric 
spectrum, see [GH99, . Moreover, if W is a strict monoidal category with biexact 
tensor product then ifW is a ring spectrum. In [MT06j we give a small algebraic 
model for the quadratic pair algebra TTo^^ii'W which is generated just by the objects, 
weak equivalences, and cofiber sequences in W. 

The next result is an illustrating example for computations in a quadratic pair 
algebra. 
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Proposition 6.6. Let B be a quadratic pair algebra. Given a e hQB„.* with 2a — 
the Massey product (2, a, 2) is defined and the k-invariant satisfies 

k{a) = P{a\a)H G (2, a, 2). 

Proof. Let a G Bnfl be a representative of a. We choose 1 + 1 e Bq.o as a repre- 
sentative of 2 g hoBo.*. In order to construct an element in tlie Massey product 
(2, a, 2) we clroose b e Bn,i suclr tliat d{b) ~ a(l + 1) = a + a. Notice tlrat 

d{b + PH{a)) = a + a + dPH{a) 

= l-a + l-a + dP{{l\l)HH{a)) 
= (l + l)a. 

Here we use tlie axioms of a quadratic pair algebra. These equations show that the 
following element is in the Massey product (2, a, 2) 

-{b + PH{a)){l + l) + {l + l)b = -{b + PH{a) + b + PH{a)) 

+b + b + PH(a + a) 

= -PH{a) - 6 - PH{a) - b 
+b + b + PH{a + a) 

= -PH{a) - PH{a) + PH{a + a) 

- P{a\a)H. 

Here we use the laws of a quadratic pair algebra together with the fact that P is 
central in any quadratic pair module. □ 

It is a result of Toda that for the sphere spectrum S and a G tt^S* with 2a = one 
has arj G (2, a, 2) for 77 the stable Hopf map. The same result for some cobordism 
spectra can be found in Ale72 . In fact Proposition l6. 61 together with Theorem l6.4l 
generalizes this result for all connective ring spectra and shows: 

Corollary 6.7. For any connective ring spectrum and a G 7r,i? with 2a = Q we 
have arj G (2, a, 2). 

Remark 6.8. Given an ungraded ring A and an ungraded A-bimodule M consider 
the category consisting of ungraded quadratic pair algebras B with specified iso- 
morphisms hoB = A and hiB = M such that any element in A is the image of 
some X G i?o with H(x) = 0. Morphisms are quadratic pair algebra morphisms over 
A and under M. It is proved in |BJP06| that the set of connected components of 
this category is in natural bijection with the 3-dimensional Mac Lane cohomology 
group 

HML^{A, M). 

As we mention in Remark 12.91 this cohomology group coincides with topological 
Hochschild cohomology of the corresponding Eilenberg-Mac Lane ring spectrum 

THH^{HA,HM). 

For R a connective ring spectrum the Mac Lane cohomology class of the ungraded 
quadratic pair algebra 7ro,*i? 

{ttq^^R) G HML%TrQR,7riR) 

corresponds in THH to the first Postnikov invariant of the ring spectrum R, as 
studied in LazOlJ. Compare Remarks 12.51 and 12.91 

Remark 6.9. Given an ungraded quadratic pair algebra B the permutative category 
FB is actually a ring category, i.e. it has an additional monoidal structure (g) 
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satisfying the axioms of [EM05[ 3.3]. The additional monoidal structure ® is given 
by the product • on the set of objects, which is Bq. On morphisms it is given by 

(xojSo) (xijSi) = {xo ■ xi,sq ■ d{si)) 
= {xo ■ xi,d{so) ■ si). 

The monoidal structure is strictly right distributive 

(xi ® X2) 'S) {xi ® X3) = Xi (g) {X2 ® X3), 

and there is a natural left distributivity isomorphism 

{xi ■ X3+X2 ■ X3, P{{x2\xi)h ■ H{x3))) : {xi X3) © (0:2 •S) X3) — > {xi © X2) (8> X3. 

7. Modules over quadratic pair algebras and module spectra 

In this section we explicitly describe modules over quadratic pair algebras and 
we show their connection with modules over ring spectra. 

Definition 7.1. Let be a quadratic pair algebra. A right B-module M is an 
M-graded quadratic pair module together with multiplications, n, m > 0, 

Mnfl X Bmfl > Mn+mfi, 

Mnfl X B„i i > Mn+mS, 

Mn^l X B„ifl > Mn+mS, 

These multiplications are associative with respect to the multiplications in B. More- 
over, 1 G Bq.o acts trivially on M*_o and M*_i, and (l|l)_fr £ Bq^^c acts trivially on 
M,^ee. Furthermore, all equations in Definition lG.ll hold if we replace the elements 
on the left of any multiplication • by elements in M . 

Notice that h^M and hiM are naturally right /ioi3-modules, and there is a 
natural right /ioi?-module morphism 

(7.2) ■ : hoM ^hashiB hiM. 

This morphism extends the fc-invariant of M since k{x) — x ■ P{1\1)h for x £ h^M . 
Moreover, given a G h^M and 6, c G h^B of degree p,q,r, such that ab = and 
be = there is defined as in Definition 16.31 a Massey product 

{a,b,c) C hiMp+q+r 

which is a coset of 

{hlMp+q)c + a[hiBq+r)- 

Remark 7.3. In |BM07| we define the monoidal category qpm^ of M-graded 0-good 
quadratic pair modules. For B a 0-good quadratic pair algebra the 0-good right 
B-modules are exactly the right modules over the monoid B in qpm^, compare 
Remark [ 



Recall that for an IN^- graded ring A the desuspension E^^A/ of a right A- module 
M is {Yi^^M)n — M„+i, n > 0, with the right A-module structure defined by the 
formula (S^^rn) • a — I]"^(m • a). 

In the following theorem we consider modules over quadratic pair algebras asso- 
ciated to right modules over a ring spectrum. 

Theorem 7.4. Let R he a connective ring spectrum. There is a functor 
TT*^* : (connective right i?-modules) — > (right (7r,_,i?)-modules) . 
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Here the quadratic pair algebra 7r*,,ti? is obtained by using the Junctor in Theorem 
\6.4\ Moreover, if we use the first isomorphism in Theorem \6.4\ as an identification 
then for any right R-module M there are natural isomorphisms of right n^R-modules 

Using these isomorphisms and the isomorphisms in Theorem \6.4\ as identifications 
the algebraically-defined homomorphism {1.2^ associated to TT^t^^M 

■ ■■ TT*M E^V^i? — > V*Af 

is defined by the right right R-module structure ofn^M according to the formula 

m-(E-V) = (-l)l'"IS-i(ma). 

In particular the k-invariant o/tt* „M coincides with the multiplication by the stable 
Hopf map rj. Furthermore, Massey products in tt* ,,M coincide with Toda brackets 
in 7r*M. 

We prove this theorem in Section [TBI 

8. Sign group actions on quadratic pair modules 

For the definition of an i?oo-quadratic pair algebra below we need an action of 
the symmetric track groups SymQ(n) on a quadratic pair module. For this we recall 
the notion of sign group and action of a sign group from |BM06c[ IBM07j . 

Definition 8.1. A sign group is a diagram in the category of groups 

{±1} ^ Gn 4> G ^ {±1} 

where the first two morphisms form an extension. By abuse of notation we denote 
this sign group just by Gq. The group law of the groups defining a sign group is 
denoted multiplicatively. 

Sign groups as above were introduced in [BM06c| . The main examples are the 
symmetric track groups Symg (n) associated to the sign homomorphism of the sym- 
metric groups 

sign: Sym(n) {±1}- 
The group SymQ(n) has a presentation with generators lo, ti, \ < i < n — \, and 
relations 

tl = lforl<z<n-l, 
(t,t,+i)^ = 1 for 1 < z < 71 - 2, 

= 1, 

tibj ~ Luti for 1 < i < ?i — 1, 

titj = Lutjti for l<i<j — 1<?T. — 1. 

Moreover, the structure of sign groups is given by «(— 1) ~ lo, 5{uj) — 0, and 
S(ti) ~ (i i -\- 1), the permutation exchanging i and i + 1 in {1, . . . , n}. 

Definition 8.2. A sign group Go acts on the right of a quadratic pair module C 
if G acts on the right of C by morphisms g* : C ^ C, g G G, in qpm, and there is 
a bracket 

(-,->- (-,-)g: Go xGn^Gi 
satisfying the following properties, x,y G Cq, z G Ci, s,t G Gn. 

(1) {x + y,t) = {x, t) + {y, t) + P{-5{tY{x) + e5{t)x\5{tY {y))H, 

(2) e5{t)x + {'%''^)dPH{x) = 5{t)*{x) + d{x, t). 
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(3) e6{t)z + {'f^)PHd{x) = 6it)*iz) + {diz),t), 

(4) {x, s-t) = {6{s)*{x), t) + {ed{t)x + {^%'^)dPH{x), s), 

(5) for the element oj — i(— 1) G Gn we have the Lu-formula: 

(x.uj) = P{x\x)h- 

Notice that the w-formiila corresponds to the fc- invariant in (|5.4p . 
Here eS{t) can take the value —1. In this case (— l)a; means —x G Cq, and (—1)2: = 

e Ci. 

Given a sign group the "group ring" A(G[^) is the ungraded quadratic pair 
algebra with generators 

• [g] for any 5 G G on the 0-level, 

• [t] for any t G Gg on the 1-level, 

• no generators on the ee-level, 

and relations 

. H[g] = for G G, 

• [1] = 1 the unit element, 

• [gh] = [g] ■ [h] for g,h&G, 

• d[t] = -[5{t)]+eS{t), 

• [st] = [Sis)] ■ [t]+eSit) ■ [s] + Ct^)(i*))P(l|l)if for s,t G Go, 

• [lu] = P(1|1)h where lu = 

The relations above show that ^(o)(Gn) = Z„i;[G+] where G+ is the group G 
together with an outer base point, so A{Ga) is 0-free and hence 0-good. 

If G is a 0-good quadratic pair module then an action of G\j on G is the same 
as a right ungraded yl(Gn)-module structure on G. The correspondence is given 
by the following equations, see [BM07| . Given 5 G G, i G Gn, x G Cq, y G Gi, 

Z G Gee, 

g*x = x-[g], 

g*y = y-ig], 

g*z = 2-A[5], 
{x,t) = x-[t]+(^'^^^^yH{x). 

Definition 8.3. A morphism /□ : Gn K\j in the category Gr± of sign groups 
is given by two group homomorphisms f:G—>K,f\j: G\j — > A'q with f\jt = z, 
f6 — 6fo, and e = sf. In this situation we say that the homomorphism /□ covers 
f. A twisted bilinear morphism of sign groups 

(/□,5n): Gn X in — > 

is given by a pair of sign group morphisms /□ : Gn K\j, g\j : K^, such 

that given a £ G and b G L the equality 

/(a).g(5) = gib)fia) 

holds in K, and therefore the group homomorphism 

{f,g):GxL^K: {a,b) ^ f{a)g{b) 

is defined, and given x G Gq, ?/ G L\j the following equality is satisfied in 

fn{x)gn{y) = .9n(?y)/n(.^)* . 
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There is a universal twisted bilinear morphism 

(«Gn,«Ln) : Ga x La — > Gu'^Lu- 

Here Gq x is the twisted product of sign groups defined in [BM07] which is a 
sign group 

{±1} ^ GnxLn ^ G x L 4> {±1} . 

The twisted product defines a non-symmetric monoidal structure in Gr±. We show 
in (BMP 7 that the "group ring" ^(Gn) is a strict monoidal functor, i.e. the "group 
ring" of a twisted product of sign groups is the tensor product of the "group rings" 
of the factors and the "group ring" of the trivial sign group is linu- 

Remark 8.4. The isomorphism class of a sign group Gq is determined by two group 
cohomology classes 

ecn ei?'(G,Z/2), {Gu} e H^{G,Z/2), 

corresponding to the homomorphism e and the extension in Definition 18.11 respec- 
tively. For the symmetric track groups SymQ(n) these cohomology classes are the 
first two Stiefel- Whitney classes associated to the usual inclusion of the symmetric 
group into the orthogonal group Sym(n) C 0{n). The cohomological invariants of 
Gq x Lfj are given by 

^GniLn = pleGa+P*2£La^H\GxL,Z/2), 
{GnxLn} = p*, {Ga} + pIsg^ p^el^ + pULn} ^ H^{G x L,Z/2). 

Here pi and p2 are the projections of the factors of the product G x K and 
denotes the cup-product. 

We define in [BM07| sign group morphisms 

(8.5) Xn: Sym^ (n) X Symp (m) — >SymQ(n + m) 
covering the usual cross product homomorphisms 

(8.6) Sym(n) x Sym(m) — > Sym(n -I- m) : (cr, t) x r. 

Recall that the block permutation a x t permutes the first n elements {1, . . . ,n} 
of{l,...,n,n-|-l,...,n-|- m} according to a and the last m elements of this set 
{n -|- 1, . . . , n -t- to} according to r. The sign group morphism ()8.5p corresponds to 
the twisted bilinear morphism 

(- A 5™, S*" A -) : SymQ(n) x SymQ(m) — > SymQ(n + m) 

defined on generators by 

t,AS"^ = ti, l<i<n, 

5" A = tn+i, 1 <i <m, 
5" A w = u. 

The sign group morphism (|8.5p was defined in |BM07j in a geometric way. We 
obtained this description in terms of generators by using the positive pin represen- 
tations in [BM06c| and the computations in |BM07[ Section 17], see |BM06b) for 
further details. 
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9. i?oo-QUADRATIC PAIR ALGEBRAS ASSOCIATED TO COMMUTATIVE RING 

SPECTRA 

In order to deal with secondary operations in the homotopy groups of a connec- 
tive commutative ring spectrum in general we need the following algebraic structure. 

Definition 9.1. An E^q- quadratic pair algebra is a quadratic pair algebra C as in 
Definition 16.11 together with a cup-one product operation 

Cn,0 X Cmfi > Cn+m,l, TO > 0, 

such that the quadratic pair module C„.* is endowed with a right action of the 
symmetric track group Symg(n) and the following compatibility conditions hold. 
Let Xi G Cm.o, Si G C'n,4, £ Cm^ee, gi,g'i G Sym(ni), and G SymQ(ni). The 
product in the quadratic pair algebra C is compatible with the sign group actions 
and the sign group morphisms in (|8.5p . 

(9.2) (xi • [51]) • (2:2 • [32]) = {xi ■ X2) ■ [gi X 32], 

(■si • [51]) • ■ [32]) = (si • X2) ■ [gi X 52], 

(oi • {[giWidH) ■ (02 • {[92]\[g'2])H) = (ai • 02) • {[gi X g2]\[g[ x 5^])^-, 

xi-(x2-[r2]) = (a;i-X2)-[5"^ Ar2]. 

The cup-one product measures the lack of commutativity, i.e. if Tp^q G Sym(p -|- q) 
denotes the permutation exchanging the blocks {1, . . . ,p} and {p + 1, . . . ,p + q}, 
p,q > 0, then 

(9.3) 

{x2 ■ xi) ■ [t„i^„J + d{xi —1 X2) = xi ■ X2+ dP{H{x2) ■ TH{xi)) ■ [t„i,„J, 

(2^2 • Sl) • [Tni, rial + (^(Sl) ^1 2:2 = Si ■ X2 + P{H {X2) ■ T H d{si)) ■ [Tn^ ^,12]- 

The cup-one product is itself commutative in the following sense 

(9.4) (x2--ia;i)-[r„,,„,]+xi--iX2 = -P{TH(xi) ■ H{x2)) 

+P{H{x2)-TH{xi))-[ 

Let 1„ G Sym(n) be the unit element. The cup-one product also satisfies the 
following rules with respect to addition 

(9.5) xi -^i{x2+X3) = xi ^1 a;2 -I- xi —-1 

+P{d{xi —1 a;2)|(a;3 ■ xi) ■ [T„^^„3])ff, 

multiplication 
(9.6) 

(Xi • X2) ---1 X3 = ((Xi ---1 X3) • X2) • [l„i X T„2,„3] -I- Xi • (X2 ---1 X3) 
+P{{d{xi ^1 X3)|(X3 • Xi) 

i^rii .713 ])h ■ H{X2)) ■ [Ini X Tn2,ni] 

+P{H{x^) ■ (xi|xi)h • TH{x2)) ■ [ 

-P{{xi\xi)h ■ H{X3) ■ TH{X2)) ■ [l„i X Tn^^n^], 

and symmetric group action 

(9.7) (xi • [gi]) -^i (x2 • [52]) = {xi —1 X2) • [51 X 52]- 

Remark 9.8. One can check that an _Boo-pair algebra C as defined in Definition 
13.11 is the same as an i^oo-quadratic pair algebra such that C*_ee = and for any 
X G Cnfi and t G SymQ(n) the equation x-[t] — holds. This defines a full inclusion 
of categories 

(i?oo-pair algebras) C (i?oo-quadratic pair algebras) . 
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Lemma 9.9. Given an Erx,- quadratic pair algebra C the ring HqC is commutative 
and hiC is an h^C -module in a natural way. 

Proof. Let Xi G Cm.o- By the laws of an i^oo-qua-dratic pair algebra the class of 
xi ■ X2 in h()C coincides with the class of {x2 ■ xi) ■ [t„j^„2]. It is easy to see that 
signT„^_„2 = (— Let f £ SymQ(ni + 712) be an element with 6{t) — t„^^„2. 
By the laws of a module over a quadratic pair algebra and the definition of the 
"group ring" of a sign group 

d{{x2 ■ Xi) ■ [f]) = {x2-Xi)-d[T] 

= (a;2-xi)-(-K,„J + (-l)"i"^) 

= -{X2 ■ xi) ■ [r„,,„J + (-l)"^"na^2 • X,), 

therefore {x2 ■ xi) ■ [Tm^ni] represents the same class as (— l)"i"^(a;2 • xi) in hoC, so 
hoC is commutative. 

Let now si G Cni,i be an element with d{si) — 0. By the laws of an £^00- 
quadratic pair algebra {x2 -si) • [■'■Tii.n2] — si 'X2- Moreover, by the laws of quadratic 
pair algebras, modules over a quadratic pair algebra, and the definition of the 
"group ring" of a sign group 

= X2-disi)-[T] 

= X2- Si ■ 5[f] 

= a;2-si-(-[T„„„J + (-ir"^) 

= -(a;2-si)-K,„J + (-l)"^"Hx2-si), 

hence we are done. □ 

As in the non-quadratic case Sjxj-quadratic pair algebras carry a notion of cup- 
one square. 

Definition 9.10. Let C be an i?oo-quadratic pair algebra. Given an element 
a G hoC2n,* we define the cup-one square of a 

Sqi{a) e hidn,* 

in the following way. Choose a representative d G C2n.o of and an element in the 
symmetric track group f G Syin^(An) whose boundary is the shuffle permutation 
i5(f) = T2„^2n- Then we have 

d{-id-d)-[f]+d^^ld-PiHid)-THid))-[T2n,2n]) = 0. 

so we can set 

Sqi{a) = -(a ■ a) ■ [f ] -|- a --i a - P{H{d) ■ TH{a)) ■ [r2„,2n] e hidn,*- 

We leave it to the reader to check that this element does not depend on the choice 
of a. However it does depend on the choice of f . There are two possible choices, 
namely f and lot. The next result determines the difference between the two 
possible cup-one squares. 

Lemma 9.11. Let Sqi he cup-one square in an E^o- quadratic pair algebra C as- 
sociated to the lift T of the shuffle permutation and let Sqf be the cup-one square 
associated to lot . Then given a G /ioC'2n,* 

Sqi{a) — Sqi{a) k{a ■ a). 

Here k is the k-invariant defined in 



28 



HANS-JOACHIM BAUES AND FERNANDO MURO 



Proof. Let a € C2n.o be a representative of a. The laws of a quadratic pair algebra, 
of a module over it, and the definition of the "group ring" of a sign group yield 
equations 

(a • a) • [ut] — {a - a) ■ ([f] + [lj]) 

= {a ■ a) ■ [f] + (a • a) • [lo] 

= {a-a)-[T] + {a-a)-P{l\l)H 

= {a ■ a) ■ [t] + P{a ■ a\d ■ ajn, 

hence the lemma follows from the very definition of the cup-one product and the 
fc-invariant of a quadratic pair module. □ 

One of the main results in this paper is the following theorem. 

Theorem 9.12. There is a commutative diagram of functors 

connective commutative \ ^r*.* , ^. . , , \ 

> (-fc/oo-qua-dratic pan algebras] 



ring spectra 

inclusion 



forget 



(connective ring spectra) > (quadratic pair algebras) 

Here the lower arrow is the functor in Theorem \ 6.4\ Moreover, for a commu- 
tative ring spectrum Q the algebraic cup-one squares in tt, „Q correspond to the 
topologically- defined cup-one squares in tt^Q. 

We prove this theorem in Section [TCI 

Remark 9.13. .Eoo-quadratic pair algebras can also be described as coherently ho- 
motopy commutative monoids as in the additive case, see Remark [321 For this one 
uses the symmetric monoidal category qpm^™° of enhanced symmetric sequences 
of 0-good quadratic pair modules introduced in |BM07| . In fact, this is the way in 
which we obtain the equations in Definition 19. II The cup-one product xi X2 of 
two level elements corresponds to the image of the right linear generator xi@X2 
in the tensor product of square groups C*^(o) 0Ch,_(o) = (C0C)*^(o) under the track 
^1. The definition of tracks for quadratic pair modules is recalled in Definition 
[lOl below. 

As we recall in Remark 13.81 the coherence conditions in Remark 13.21 (i.e. the 
hexagon and the idempotence) are encoded by the Barratt-Eccles operad in the 
simplicial setting. Indeed, E'oo-Quadratic pair algebras are also the algebras over an 
operad in qpm^ which can be obtained from the simplicial Barratt-Eccles operad, 
i.e. the additive situation described in Remark 13.81 extends to the quadratic world. 



Remark 9.14. If C is an ungraded .Eoo-quadratic pair algebra then the permutative 
category PC in Remark 15.91 is actually a bipermutative category in the sense of 
|EM05[ 3.6]. The monoidal structures © and ® are given by Remarks 15.91 and 16. 9|, 
and the symmetry isomorphism for (g) is 

{xi ■ X2, P{H{x2) ■ TH{xi)) - xi -^x X2) : xi®X2 — > X2 ® xi. 

10. Algebras over commutative ring spectra 

Given a connective commutative ring spectrum Q and a Q-algebra R we study 
in this section the algebraic properties of the induced action of the i?oo-quadratic 
pair algebra tt, ,,(5 defined by Theorem 19.121 on the quadratic pair algebra tt* ...i? 
given by Theorem 16.41 obtaining Theorem 11.51 as an application. This generalizes 
the results of Section [Jj to spectra which do not neglect the Hopf map. 



THE ALGEBRA OF SECONDARY HOMOTOPY OPERATIONS IN RING SPECTRA 29 



Definition 10.1. Let C be an i?oo-quadratic pair algebra. A C-algebra is a qua- 
dratic pair algebra B as in Definition 16.11 together with a quadratic pair algebra 
morphism u: C B, called the unit, and two external cup-one product operations, 
n, m > 0, 

^1 ■ Cn,0 X B„ifi > C„-|_m,lj 

such that the quadratic pair module is endowed with a right action of the 

symmetric track group SymQ(n) and the following compatibility conditions hold. 

Let Xi G Bfi^Q, Si £ Bfi^ i, Qi G Bjn^ee-i ii £ Cmfi, Si S Cni,l; flj G C'riijCej 

(7i,(7^ G Sym(nj), and G SymQ(ni). The product in B is equivariant, i.e. it 
satisfies equations (|9.2p and 



(xi-[ri]).X2 = (a;i.X2)-[riA5"^]. 
The morphism u is also equivariant, 

uoixi ■ [gi]) = uo(ii) • [51], 
• [51]) = ui{si)-[gi], 
Ml (Si • [ri]) = uo(ii) • [ri], 
and compatible with the cup-one products in C and B 

Ul{xi —1 X2) = Uo{xi) —1 X2, 
= Xi ^1 Wo(£2)- 

The external cup-one products satisfy the following analogue of (|9.3p . 

(x2 • uo(xi)) • [t„,,„J -I- -^1 X2) = uq{xi) ■ X2 + dP{H{x2) ■ THuo{xi)) ■ [r„i,„2 
{x2 ■ ui(si)) • [t„i^„J + 9{si) ^1 X2 = Mi(si) • X2 + P{H{x2) ■ THdui(si)) ■ [t„j,„2 

(U0(X2) • Si) • [Tni^na] + ^{si) ^1 X2 = Si • Uo{x2) + P{Huo{x2) ■ THd{si)) ■ [t„j,„2 

The two external cup-one products are related by the following formula, which is 
similar to (|9.4p . 

{X2 ^1 Xi) ■ [t„i,„2] + Xi X2 = -P{TH{xi) ■ Huo{x2)) 

+P{Huo{i2)-TH{xi))-[ 

in particular it is redundant to give the two external cup-one products in (|10.2p since 
any of them determines the other, but having two makes the equations shorter. The 
external cup-one products also satisfy the following rules with respect to addition 

a;i -1 (i2 + £3) = Xi -^1 X2 + Xi --^i X3 + P{d{xi -^i X2)\{uo{x3) ■ Xi) ■ [Tn^^n^])H: 
Xl '--^1 {X2 + X3) = Xi -^i X2 + Xi ^1 X3 + P{d(xi -^i X2)\ix3 ■ Uo(xi)) ■ [Tni^„3])H; 

compare (|9.5p . multiplication 

(il • X2) ^1 X3 = ((ii -—i 0:3) • Uo{x2)) ■ X Tn^^na] + Uo{xi) ■ {X2 X3) 

+P({d{xi —1 a;3)|(a;3 • uo(ii)) • [Tm,n3\)H ■ Hua{x2)) ■ [l„i x t„2_ 

+P{H{X3) ■ Uee{xi\xi)H ' THuo{x2)) ■ [ 
-P{Ueeixi\xi)H ■ H(X3) ■ THuo{x2)) ■ [l„i X Tn^^na], 

(xi ■ X2) —1 X3 = ((xi -^1 X3) ■ X2) ■ X r„2,„3] -f xi ■ {x2 ---i X3) 

+P{{d{xi —1 X3)\{uo{x3) ■ Xi) ■ [t„j^„3])h • H{X2)) ■ X T„2,n3 

+P{Huo{x3) ■ {xi\xi)h ■ TH(X2)) ■ [T„i+n2,«3] 
-P{{xi\xi)h ■ Huo{x3) ■ TH{X2)) ■ X Tn^.ns], 
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compare (|9.6p . and symmetric group action 

{xi ■ [gi]) ---1 {x2 ■ [52]) = (2:1 -—i X2) ■ [gi X 52], 
(ii • [.91]) --^1 {^2 ■ [52]) = (ii X2) ■ [gi X 52], 

compare (I9.7p . 

The ring /loi? is an /igC-algebra in such a way that the /lo-B-bimodule hiB 
restricts to an /loC-module. 

Remark 10.3. Any i?oo-quadratic pair algebra is an algebra over itself. Moreover, 
given a morphism of -Eoo-quadratic pair algebras / : C — > C and a C-algebra B then 
B has a C-algebra structure, denoted by f*B, with unit uf : C ^ B and external 
cup-one products obtained by precomposing with /. 

The main new secondary homotopy operation on algebras over i?oo-quadratic 
pair algebras is introduced in the next definition, analogous to Definition 14. 101 

Definition 10.4. Let C be an i?oo-quadratic pair algebra and let i? be a C-algebra. 
We associate to any pair {x,y) with x G Co,n and y £ Bn,i such that d{y) — uo{x) 
the degree n derivation 

^{x,y) ■ It-oB > hiB 

defined by 

0{x,y){a) = -y ■ a+ {a ■ y) ■ [Tn^\a\]+ X ^1 a ~ P{H{a) ■THuo{x)). 

Here d € B^ q is a representative of a G hoB. This is indeed an element in hiB by 
the equations defining a C-algebra which arc analogue to (|9.3p . see Definition llO.il 
Moreover, by (|9.3|) ^(a:,j,) = provided B is an i^oo-quadratic pair algebra and u is 
a morphism of i?oo-quadratic pair algebras. One readily checks that 9[x,y) is indeed 
a derivation and that 9(^x y'^{a) does not depend on the choice of a. 

Proposition 10.5. Given an Eao-quadratic pair algebra C and a C-algebra B let 
Ic{B) be the kernel of the ring homomorphism Hqu: HqC — > hoB. There is an 
hoC -module homomorphism 

9: Ic[B)/Ic[Bf ^ HHlcihoB,hiB) 

which sends an element in Ic{B)/ Ic{B)^ represented by x G Cnfi to the element 
in Hochschild cohomology represented by a derivation 9(x.y) o,s in Definition \10.4\ 
for any y G i?n,i with d{y) = ^0(2^)- The homomorphism 9 is natural in B and in 
C in the obvious way. In particular 9 = Q when B is an Erx,- quadratic pair algebra 
and u is a morphism of Eo^ -quadratic pair algebras. 

The proof of this proposition is tedious but straightforward. It only uses the 
equations defining algebras over i?oo -quadratic pair algebras, compare the proof of 
the additive analogue. Proposition [4TT] 

Algebras over commutative ring spectra yield examples of algebras over Eoc- 
quadratic pair algebras as the following theorem shows. 

Theorem 10.6. Let Q be a connective commutative ring spectrum and let tt^,, 
be the Eoo-quadratic pair algebra given by Theorem \9.12\ There is a diagram of 
functors 

(connective Q-algebras) ■ > (tt* „Q-algebras) 



forget 



forget 



(connective ring spectra) — '-^-^ (quadratic pair algebras) 
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which commutes up to quasi- isomorphisms. Here the lower arrow is the Junctor in 
Theorem \6.4\ Moreover, if f : Q' ^ Q is a morphism of connective commutative 
ring spectra then the square 

(connective Q-algebras) — '-^ (Tr^^^Q-algebras) 

(connective Q'-algebras) > (-Tr^^^Q'-algebras) 

commutes up to quasi-isomorphisms. Furthermore, if R is a connective Q-algebra, 
a G 7r,„i?, and b G WnQ is in Iq{R) ~ Ker[7r,(5 7r»_R] = 1,^, ^Q(7r,^,i?), then the 
element 9(^^ y){a) £ iTn+m+iR — (^i7r*,*-R)ri+m defined in Jj.^p can be identified 
with 6(^^ y-^[a) in the sense of Definition \ 1 

The proof of this theorem goes along the same Hnes as the proof of Theorem 
19.121 The reader can find the crucial hints in the following remark. 

Remark 10.7. Suppose that Q is a connective commutative ring spectrum, R is 
a connective Q-algebra, and L is a functorial fibrant replacement in the category 
of Q-algebras. We assume without loss of generality that LQ concides with the 
fibrant relplacement chosen for the definition of tt* ^.Q in the proof of Theorem 
19.121 (otherwise we would have to work with a quasi-isomorphic i?cxD-quadratic pair 
algebra). Then ir^^^R is defined by the secondary homotopy groups of the spectrum 
Li?, as defined in Section [151 The unit u: Q R oi the Q-algebra R and the 
product in LR induce maps 

A f n LuAqI 7 ^ mult. 7 „ 

^1 : LQ Aq LR — > LR Aq LR — > LR, 

r 7-> A ?^ lAqLu -f f mult. 7 „ 

^2 : LR Aq LQ — > LR Aq LR — > LR, 

such that there is a track ai : ^J■lT/\Q ^ ^J■2 which can be constructed as in Lemma 
116.21 below. The external cup-one product 

-—'I : TT^fiR X TT^^oQ — > 7r*ai? 

corresponds to the track ai, and the other external cup-one product corresponds 
to aiT/\Q, compare the proof of Theorem 19. 121 

If L is the fibrant replacement functor in the category of ring spectra used to 
define Tr*^,^ in Theorems 16.41 and 19.121 then the natural quasi-isomorphisms making 
commutative the first square in Theorem 110.61 are obtained by taking secondary 
homotopy groups on 

LR ^ LLR ^ LR. 

For the second square one can argue in a similar way. 

With the notation used for the definition of ^(3, j,)(a) in p.4p . the elements x 
and y lie in i^nfiQ and 7r„^ii?, respectively, and satisfy d{y) — uq(x) as required 
in Definition 110.41 therefore the last part of the statement of Theorem 110.61 makes 
sense. 



11. Universal Toda brackets of ring spectra 

Given a ring spectrum R the category mod(i?) of right i?-modules is a Quillen 
model category, see [MMSSOl) Theorem 12.1]. By |Bau89| the fuU subcategory 
mod^'^(i?) of fibrant-cofibrant right i?-modules is a groupoid-enriched category 
whose morphisms are homotopy classes of homotopies, also termed tracks. 

A free right R-module is a right i?-module of the form 

= {S'^^W ---y S''") AR, k>0, ni,...,nk>0. 
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Here V denotes the coproduct. Free right i?-niodules are cofibrant objects in 
mod(i?) by [ MMSSOl. Theorem 12.1 (vi)] since sphere spectra S*™ are cofibrant in 
the category of symmetric spectra. 

We denote by mod/(i?) the full groupoid-enriched subcategory of mod^'^(i?) con- 
sisting of fibrant replacements of free right i?- modules. An object X in mod/(i?) is 

a trivial cofibration - ^ X 'm mod(i?) with fibrant target. This groupoid- 
enriched category has a further structure described in the following definition. 

Definition 11.1. Let A be a category and D : A°p x A — > Ab a functor, also 
called A-bimodule. A linear track extension of A by Z) consists of 

(1) a groupoid-enriched category B. 

(2) A functor p: B ^ A from the underlying ordinary category of B such that 
p is the identity on objects and p{f) = p{g) if and only if there exists a 
track f g, i.e. A is the homotopy category of B. 

(3) Isomorphisms 

af. DiX,Y)^Aut-Bif) 
for all morphisms / : X — > y in B such that given a track a : / =^ 5 in B, 

a\3af{x) = ag{x)na; 

and given composable morphisms •-^•-^•^•inB 

fag{x) = afg{D{\,p(f))x) and ag{x)h = agh{D{p{h), l)x). 

For any category A and any functor D : A°p x A ^ Ab the third Baues- 
Wirsching cohomology group H^{A,D) (which in this case is isomorphic to a 
Hochschild-Mitchell cohomology) classifies linear track extensions of A by D, see 
|BD89j . Indeed any such linear track extension B determines a characterisic coho- 
mology class 

(B) e h\a,d) 

also termed universal Toda bracket, and all cohomology classes are represented by 
linear track extensions. 

Given an W-graded ring A a free right A-module is a right yl-module of the form 

^("1'-'"'=) = ((Z,ni)® •■•©(Z,nfc))® A, fc>0, ni,...,nfc>0. 

Here (Z, m) denotes the H-graded abelian group consisting of Z concentrated in 
degree m. The category of free right A-modules is denoted by mod/ (A). 

Given an A-bimodule M we define the graded version of Mac Lane cohomology 

by 

HML*{A,M) = iJ*(mod/(A),HomA(-,- ®A M)). 

For an ungraded ring A if mod/ (A) denotes the usual category of finitely generated 
free ungraded right A-modules this equality corresponds to the natural isomorphism 
established in [PW92] in homology. 

Lemma 11.2. Let R be a connective spectrum. The category mod/(i?) is a linear 
track extension 0/ mod/(7r»_R) by }lom.j^_^ji(—, — (E)^^,R.^^^^^*R)■ 
Proof. For any right i?-module Y the right i?-module morphisms 

j^(rai,...,nfc) ^ Y 

coincide with the symmetric spectra morphisms 

5-"! V • • ■ V 5"*^ — > Y 

hence it becomes obvious that mod/(7r,i?) is the homotopy category of mod/(_R) 
and the projection functor is given by taking homotopy groups p = vr, . 
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The group of self-tracks of a map X ^ Y between fibrant-cofibrant right R- 
modules coincides with the abehan group of homotopy classes [SX, FJ^ in the 
category of right i?- modules, compare [BD89j . If X and Y are weakly equiva- 
lent to free right i?-modules then this abelian group is canonically isomorphic to 
Hom^^/j(7r*X, 7r*y (8)7r^fl I]~^7r*i?) by the same argument as before. The axioms of 
a linear track extension are checked in |BD89j in a more general setting. □ 

The lemma above yields a universal Toda bracket associated to a connective ring 
spectrum R 

(mod/(i?)) e HML*{tt^R,Y.-^tt^R). 

This universal Toda bracket determines all Toda brackets in mod/(i?), see [BD89] . 
i.e. all matric Toda brackets in R, compare |May69| . It has also been studied by 
Sagave from a different perspective, see |Sag06| . The goal of this section is the 
construction of a small algebraic model for this universal Toda bracket. For this 
we will consider universal Toda brackets associated to quadratic pair algebras. 

Given a quadratic pair algebra _B, in order to obtain a convenient groupoid- 
enriched category of right S-modules we need to consider weak morphisms. 

Definition 11.3. A weak morphism f : C D between quadratic pair modules 
consists of group homomorphisms 



fo 


: Co - 


Co, 


/i: 


: Ci - 




fee • 


Cee ~ 


^ ^ee 1 



such that 



fad = 9/1, 
fiP = Pfe, 



(/o|/o)h, 



feeT T fee- 
Weak morphisms were introduced in |BM06c| . The functors ho and hi in (|2.ip 
obviously extend to the category wqpm of quadratic pair modules and weak mor- 
phisms. 

A weak morphism f : M ^ N between right i?-modules is a collection of weak 
morphisms /„ : M„^* — > -/V„^*, n > 0, which are strictly compatible with the action 
of -B, i.e. given rrii G Mp^i and bi G Bq i for i = 0,1, ee, 

/p+,,o(nT-o • &o) = fp,a{mo)-bo, 
/p+,,i(too • 61) = fp,o{mo)-bi, 
fp+q,i{mi ■ bo) = fp,i{mi) ■ bo, 

fp-\-q,ee{^ee ' bee) — fp,ee{^ee) ' bee- 

The reader can easily check that right _B-modules together with weak morphisms 
form a category that we denote by wmod(i?). The ordinary category of right B- 
modules mod(i3) is a subcategory of wmod(i3) with the same objects. 

The category wmod(i?) is also a groupoid-enriched category with the tracks 
(i.e. 2-morphisms) defined as follows. 

Definition 11.4. Let f,g: C ^ D he weak morphisms between quadratic pair 
modules. A track a: f ^ g is a function a: Co ^ Di satisfying the equations, 
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e Co, z e Ci, 

a{x + y) = a{x) + a{y) + P{-fQ{x) + go{x)\fo{y))H, 

9o{x) = fa{x)+da{x), 

9i{z) = fi{z) + ad{z). 

This definition of track was given in |BM06c| , where we show that the category 
wqpm of quadratic pair modules and weak morphisms is a groupoid-enriched cat- 
egory. The subcategory qpm is also groupoid-enriched. Tracks in qpm are just 
tracks in wqpm between morphisms in qpm. 

The vertical composition of tracks 



is defined by addition (f3Da){x) = a{x) + f3(x). The horizontal composition of 
tracks and maps as in 



is defined as {fa){x) = fia{x) and {ag){x) = agQ{x). The identity track 0^ : / / 
(also called trivial track) is always defined as (0^ )(a;) = 0. 

Let i? be a quadratic pair algebra and let /, g : M ^ be weak right i?-module 
morphisms. A track a: f ^ g in mod(_B) is collection of tracks q;„ : /„ =J> f/„ 
between the quadratic pair module morphisms Af„ —>■ iV„ such that for any 

X € Mnfl and a e Bm,o 

a„+rn{x ■ a) = an{x) ■ a + P{{~fnfl{x) + gn,o{x)\fn.o{x))H ■ H{a)). 

We leave it to the reader to check that these tracks with vertical and horizontal 
composition defined as above endow wmod(i3) with a groupoid-enriched category 
structure. 

Remark 11.5. The groupoid-enriched category qpm was studied in [BM06cllBM07| . 
The enrichment extends in the obvious way to the category of M-graded objects 
qpm"^ and restricts to the subcategory of 0-good objects X in qpm^ which is 
monoidal. In this monoidal category tracks can be interpreted as morphisms from 
the cylinder object IQX defined by the interval quadratic pair module I, see |BM07| 
Lemma 5.3]. If _B is a 0-good quadratic pair algebra the cylinder of a 0-good right 
i3-module is again a right i?-module in a natural way, so we can define tracks as 
right _B-module morphisms from the cylinder. In this way we obtained the formulas 
for tracks in Definition 1 1 1 .41 above. This also works for weak morphisms. 

Let i? be a quadratic pair algebra. A free right B-module is a _B module of the 
form 

Q{m,...,n,) ^ ((Z„,,,ni) V---V(Z„,a,nfe))0S, A: > 0, ni,...,nfe>0. 

Here {"Lnii , Tn) denotes the IN-graded quadratic pair module given by Z„i; concen- 
trated in degree m and V is the coproduct. We denote by wmod/(i3) the full 
groupoid-enriched subcategory of wmod(i?) consisting of free right i?-modules. 

Lemma 11.6. Let B be a quadratic pair algebra. Then the category wmodj(i?) 
is a linear track extension of rx\.oAf{hf)B) by Hom/,,f,B(— , — ®hoB hiB). 

The proof of this lemma will be given below. 

Lemma 111.61 yields a universal Toda bracket in Mac Lane cohomology for any 
quadratic pair algebra B 

(wmod/(B)} e HML*{hoB,hiB). 

The following theorem is the main result of this section. 
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Theorem 11.7. Let R be a connective ring spectrum. If we use the isomorphisms 
in Theorem \6.4\ as identifications then the universal Toda brackets associated to the 
ring spectrum R and to the quadratic pair algebra tt^^^R coincide, that is: 

(mod/(i?)) = (wmod/(7r*^*i?)). 

We prove Theorem 111.71 at the end of this section. 

Remark 11.8. In |BJP061 Theorem 2.2.1] it is proved in the ungraded setting that 
any element in Mac Lane cohomology HML^{A, M) is represented by a quadratic 
pair algebra B with HqE = A and hiB ^ M. Such a quadratic pair algebra is 
also termed a "crossed extension of A by M in the symmetric monoidal category 
of square groups", see the Addendum of [BJP061 Theorem 2.2.1]. Since for a 
connective ring spectrum R the topologically defined category mod/(i?) represents 
an element in i7ML^(7r*i?, 'S~^tt^R) the result in [BJP06| makes it plausible that, 
in fact, the element (mod/(i?)) should also be represented by a quadratic pair 
algebra. By Theorem 1 1 1 . 71 above we construct such a quadratic pair algebra, given 
by TT^^^R, even in a functorial way. 

In order to prove Lemma lll.6l we need the following results. 

Lemma 11.9. There are natural isomorphisms 

Lemma [11.91 follows easily from the following one. 
Lemma 11.10. For any quadratic pair module C there are natural isomorphisms 

hoiiZmiy VLmi) C) ^ haC®-^-- ®hoC, 
hiiiZmiV VZ„,i) C) ^ hiC® ®hiC. 
Proof. There is an exact sequence of square groups in the sense of [BJP05| 

hiC ^ C(i) C(o) -» h^C. 

Given a pointed set E the square group "LnulE] in (|5.ip is the coproduct of 
copies of the unit element "Lnu for the tensor product of square groups indexed 
by E excluding the base-point. Therefore by using the definition in [BM07| of the 
tensor product in qpm we see that the quadratic pair module 

coincides with 

where k = {0, 1, . . . , fc} pointed at 0. 

The square groups in ()5.ip are flat for the tensor product of square groups. This 
follows easily from [BJP05 , Corollary 39] since the unit object Z„i; is obviously flat. 
Moreover, it is easy to check by using the generatos and relations for the tensor 
product of square groups in |BJP05| that for any abelian group A there is a natural 
isomorphism 1nii[k\ Q A = Z[fc] A, and hence the lemma follows. □ 

The following lemma is a simple exercise. 

Lemma 11.11. Let C be any quadratic pair module. Weak morphisms f : Z„,;; — s- C 
are in bijective correspondence with the elements ofCo. The correspondence sends 
f to /o(l) for I eZ~ (Z„i;)o. Moreover, given two morphisms f,g: "ZnU ~^ G the 
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set of tracks a: f ^ g is in bijection with the subset d /o(l) + <?o(l)) C Ci. 
The bijection sends a to a{l). 

Now we are ready to prove Lemma 111.61 

Proof of Lemma \11.6\ Weak right i?-module morphisms 

j^(ni,...,nk) J, j^(mi,...,mi) 

and tracks between them are in bijection with weak morphisms between graded 
quadratic pair modules 

(Z„,i,ni) V • • • V i%ia,nk) — > B^"--"') 

and tracks between them. Hence Lemma fl 1 . 61 follows from Lemmas II 1.91 and II 1.1 II 
The projection onto the homotopy category is Hq : wmodf{B) m.odf{hQB). □ 

We finally need the following result. 

Lemma 11.12. Let R be a connective ring spectrum,. The restriction of the functor 
Theorem \7.4\ to the full subcategory of connective fibrant-cofihrant right R- 
modules can he extended to a groupoid- enriched functor. 

Proof. The functor 7r*_* in Theorem 17.41 is constructued in Section (TH] by using 
secondary homotopy groups of spectra. Secondary homotopy groups of spectra 
are defined as colimits of additive secondary homotopy groups of spaces which are 
groupoid-enriched functors, see [BMOGaj IBM06cj . Therefore secondary homotopy 
groups of spectra take homotopies to tracks between quadratic pair modules, and 
in particular the functor tt^,, „ in Theorem 17.41 becomes a groupoid-enriched functor 
on connective fibrant-cofibrant right i?-modules. □ 

Now we are ready to prove Theorem 1 11. 71 

Proof of Theorem ] 11.7\ Recall that a pseudofunctor between groupoid-enriched cat- 
egories (/3 : C — > B is an assignment of objects, maps and tracks which preserves 
horizontal composition and identity morphisms only up to certain given tracks 

ff,g ■ f{f)f{9) fifg) and Lpx : f{lx) =^ ^v{x)- 

These tracks must satisfy well-known coherence and naturality properties. Track 
functors are pseudofunctors where these tracks are trivial. Similarly there is a defini- 
tion of pseudonatural transformation a: if ^ ijj between pseudofunctors (fjip: C 
B given by maps ax ■ ^{X) V'(^) such that the usual square does not commute, 
but for any map f : X ^ Y there is a track af : ip{f)ax CKy satisfying co- 
herence and naturality properties. 

Two linear track extensions B, C of A by Z? have the same universal Toda 
bracket if and only if there is a pseudofunctor iy9 : C — > B such that for any morphism 
f: X ^ Y in C the equality pufif) = Pc{f) holds, and for any x G D{X,Y) the 
equation a^{^j-^{x) = ipaf(x) is satisfied, compare |BM05| . 

We now prove Theorem 111.71 by constructing an appropriate pseudofunctor 

(fi: mod/(i?) — > wmod/(7r,^,i?). 

The functor sending a fibrant replacement of a free right _R- module X to tt^.^X, see 
Theorem l7.41 takes values in the category of right tt* „i?-modules, but not on the full 

subcategory wmod/(7r*_*i?). However, the fixed trivial cofibration >— > X 
together with Theorem 115.171 and Remark 115.21 give rise to a right 7r*,*i?- module 
morphism 

(11.13) ax ■ ^{X) = (7r,,,i?)("i — > 7r,,,X, 
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see Remark 116.11 for details, which induces isomorphisms in Hq and hi, compare 
Lemma 111.91 Now it is easy to check that for any map f : X ^ Y between free 
right i?-modules we can choose a morphism ip{f) and a track af as in diagram 



Since 7r*_* is groupoid-enriched functor by Lemma 111.121 and ax and ay induce 
isomorphisms on ho and hi then by categorical nonsense there is a unique pseud- 
ofunctor ip defined on objects and maps as above such that a: ip ^ tt^^^,, is a 
pseudonatural transformation. This pseudofunctor proves the theorem. □ 



12. Symmetric spectra 

We work in the symmetric monoidal model category Top* of pointed (compactly 
generated) spaces, see |Hov99[ 4.2.12]. 

A spectrum X is a sequence of pointed spaces Xq, Xi, . . . , X„, . . . together with 
pointed maps ct„ : 5^ A X„ — > Xi_|_„ called structure maps. A morphism of spectra 
/: X — > y is a sequence of pointed maps /„ : Xn Yn with (t„/„ = /i+„cr„. The 
category of spectra will be denoted by Sp^ . 

An Q-spectrum X is a spectrum such that the adjoints ad((T„) : Xn ^ r2A"i_|_„ of 
the structure maps fT„ are weak equivalences for all n > 0. 

A symmetric spectrum is a more structured notion of spectrum defined in the 
following way. An object X in the category (Top*)^'*'™ of symmetric sequences in 
Top* is a sequence of spaces Xq, Xi, . . . , X„,. . . such that Xn carries a left action 
of the symmetric group Sym(n). A morphism X ^ Y of symmetric sequences is a 
sequence of equivariant maps Xn — *■ Yn- The category of symmetric sequences has 
a symmetric monoidal structure with the tensor product X iS)Y characterized by 
the existence of a natural isomorphism 

{X®Y,Z) = H Homx {Xp A Yq, Zp+q) : f fp^g. 

Here Homx is the set of equivariant morphisms with respect to the cross product 
homomorphism x in (|8.6[) . The symmeytry isomorphism XiSiY = Y'SiX is given 
by the maps 

XpAYq^YqA Xp ^''-^'■^ (Y A X)q+p ^ (y A X)p+q. 

The shuffle permutation t^ ^ was already considered in Definition 19. II 

The sphere spectrum S is the symmetric sequence S given by the spheres , 
S^, S"-, .. ., where Sym(n) acts on S*" = 5^ A • • • A 5^ by permutation of 
coordinates. This symmetric sequence is a commutative monoid with multiplication 
li: S(S)S ^ S given by /ip,, : S'p A S"? = S'p+«. The category Sp^ of symmetric 
spectra is the category of left ^-modules. The structure maps cri,„ : S^AXn — > Xi+n 
of the underlying spectrum of a symmetric spectrum X are defined by the left action 
a: S(g)X ^X. 

Since the monoid S is commutative the category Sp^ is symmetric monoidal for 
the tensor product (^s also called smash product and denoted by A. The smash 
product of symmetric spectra X AY is the coequalizer of the two multiplications 
X ^ S (E) Y ^ X i^Y. The smash product X AY comes equipped with natural 
maps, p,q > 0, 



(12.1) 



Jp,q : XpAYq^ {X A Y)p+q 
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satisfying a universal property which characterizes X AY as a symmetric spectrum, 
see |Sch04) . 

The category Sp^ of spectra is a stable model category, see |MMSSOf| 4.1 and 9], 
while Sp^ is in addition a symmetric monoidal model category, see |MMSSOll 4.2 
and 9]. We wish to emphasize that among the possible model category structures 
on Sp" and Sp"^ we have chosen to work with the stable model structure defined 
in IMMSSOU 9] since with this structure fibrant objects coincide in both cases with 
the f2-spectra. 

Symmetric sequences and symmetric spectra defined in this way are available 
over monoidal categories more general than Top*, see |Hov01) . They can also be 
defined by using right actions of symmetric groups instead of left actions. 

13. Secondary homotopy groups of spaces 

A groupoid-enriched category, also termed track category, is a 2-category where 
all 2-morphisms are invertible with respect to vertical composition. We also call 
tracks to the 2-morphisms in track categories. Horizontal composition is denoted by 
juxtaposition, and we use the symbol □ for the vertical composition. The vertical 
inverse of a track a is . Identity morphisms are denoted by 1, and the symbol O'^ 
is used for identity tracks. Track functors are 2-functors between track categories. 
The category Top* is a track category where a track between two maps is a relative 
homotopy class of homotopies between them. Similarly for the category of fibrant- 
cofibrant spectra or symmetric spectra, compare jBau89| . For the convenience of 
the reader we recall from |BM06a| . |BM06c| the following definition. 

Definition 13.1. Let n > 3. For a pointed space X we define the additive 
secondary homotopy group, Iln^t:X which is a 0-free quadratic pair module with 
^n.(o)^ = "^niil^^X] where QJ^X is the discrete pointed set of maps 5" ^ X in 
Top*. 

We describe the group lin^iX and the homomorphisms P and d as follows. Given 
a pointed set E we denote by WeS" to the rt-fold suspension of E in Top*. It is a 
one-point union of 7i-spheres indexed by the set E — {*}. The group Iln^iX is given 
by the set of equivalence classes [/, F] represented by a map /: S*^ — > Wq^xS^ and 
a track in Top* of the form: 



Sn > Vn-i^" X. 

Here the map ev: \/n^x -S*" — > X is the obvious evaluation map. 

The equivalence relation [/, F] = [g, G] holds provided there is a track 

with trivial Hopf invariant Hopf{N) = in the sense of (|13.3p below such that the 
composite track in the following diagram is the trivial track. 





(13.2) 
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The element d[f, F] G {VL'^X)nii is given by the image of the generator 1 G Z = vriS'^ 
under the homomorphism 

Let /+ be the unit interval / = [0, 1] with an outer base-point and let IX = 
/+ A X be the reduced cylinder of X in Top*. The Hopf invariant Hopf{N) of a 
track N: S""!/ => with f,g: ^ WeS^ is defined in (BM06i[] 3.3 by the 

homomorphism 

(13.3) H2{IS\S^VS^) i72(r!"-i(Vi=;5"),VB5i) ^ ®Z[E], 

which carries the generator 1 G Z = H2{IS^ , V S^) to Hopf{N). Here the iso- 
morphism is induced by the Pontrjagin product and ad{N)^, is the homomorphism 
induced in homology by the adjoint of 

5"'"^ Al+AS^9iI+A 5" ^ VbS"". 

" 2 

The reduced tensor square ® in p3.3p is defined for any abelian group A as the 
quotient 

-2 , A(E>A 
A = 



and a: 0^ A ^ ®^j4 denotes the natural projection. If /, V^;/ S*^ ^ \/eS^ 

^ 2 

are maps from a coproduct the Hopf invariant Hopf{N): Z[E'] — > ® Z[i?] is a 
homomorphism defined on the basis E' by the Hopf invariants of the restriction 
of N to the components of Ve'S". We refer the reader to [BMOSa. 3] for the 
elementary properties of the invariant Hopf . 

The equivalence classes [f,F] define Hn^iX as a set. The group structure of 
Iln,iX is induced by the comultiplication /i: W , compare BM06a] 4.4. 

We now define the homomorphism P. Consider the diagram 




, ->S'"VS'" 

where /3: S^VS^ is given such that (7ri/3)(l) = —a — 6+a+5 is the commutator 

of the canonical generators of 7ri(S'^ VS*^), i.e. a corresponds to the inclusion of the 
first sphere and b to the inclusion of the second one. The track B is any track with 
Hopf{B) = -d{a ® b). Given x >» y e (g)2Z[f]"X] let x,y: '^n'-xS^ be maps 

such that the images of (7ria;)(l) and (7ri?;)(l) in Z[J1"X] are x and y, respectively. 
Then the diagram 




(13.4) S"" > S"" V S"" > S'l > X 

represents P{x (X) y) G H„_iX. This completes the definition of the quadratic pair 
module H„ ,X for n > 3. 

Additive secondary homotopy groups are defined in [BM06cj also for n = 0,1, 2. 
In this way we get for n > a functor 

H„ » : Top* > qpm 

which is actually a track functor. Moreover, H„ (q)^ = '^nii[^"X] so that Tin,* 
takes values in the full subcategory qpm^ of 0-free, and hence 0-good, quadratic 
pair modules. 
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Remark 13.5. By |BM06a[ 4.16] Iln,*S" is quasi-isomorphic to Znu- The quasi- 
isomorphism i„^o : "^nii — > ^n,*S" is defined by «n,o(l) = Is" G {^"S")nii for 
1 G Z = (Z„i;)o. This quasi-isomorphism is an isomorphism for n — 0. 

The secondary homotopy group Iln,*X is endowed with a natural action of the 
symmetric track group SymQ(n), see |EM06cj . The underlying action of Sym(n) 
on n„ (g-jX = Znii[^"X] is given by the right action of Sym(n) on the pointed set 
il^X of maps S"" X determined by the left action of Sym(n) on the n-sphere 
S'" = 5^ A ■ • ■ A S"^ by permutation of coordinates. 

One of the results in ^BM07j states that the functor 

(13.6) n*,*:Top* 

to the category of W-graded 0-good quadratic pair modules is lax monoidal with 
multiplication given by the smash product operation for secondary homotopy groups 



IN 

qpm^ 



Iln.*X Ilm.*Y 



Un+m.AX /\Y). 



This morphism is equivariant with respect to the sign group morphism (|8.5p . The 
functor n^f^^, in (|13.6p is however non-symmetric. In order to obtain a symmetric 
version we have to regard n*_* as a functor to the category qpm^™'-' of enhanced 
symmetric sequences of 0-good quadratic pair modules defined in [BM07[ 8.14]. 
The properties of the smash product for secondary homotopy groups yield a lax 
symmetric monoidal functor 

(13.7) n,,, : Top* > qpm^^^a. 

This is the main result in [BM07| . 

There are natural isomorphisms, n > 3, 

(13.8) /ion„,,X ^ 7r„X, 

hlIln,*X ^ TTn+lX. 

Here we use jBM06aj 5.1. Furthermore, the following property is crucial. 

Proposition 13.9. For all n > 3 the k-invariant ofIln^*X defined in ^5.4^ coin- 
cides via il3.8\} with the homomorphism rj* : 7r„X — > iTn+iX induced by precompo- 
sition with S"^^7] where r]: ^ is the Hopf map. 



This follows from IBM06a| 8.2]. 

14. The pull-back construction 

Let C be any quadratic pair module. Given a pointed set E and a pointed map 
E — > KerTf C Cq, or equivalently a group homomorphism ip: {E)nii —>■ Co such 
that H(p{e) = for any e ^ E then the 0-free quadratic pair module (p*C is defined 
as follows. 



(14.1) 



P in 




pull 



{ip*C)o = {E)mi 



This quadratic pair module comes equipped with a morphism tp^: ip*C C in 
qpm which is given by the horizontal arrows in diagram (|14.ip . This construction 
can be straightforwardly extended to the graded setting degreewise. 
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Lemma 14.2. In the conditions above the morphism Lp^ : ip*C — > C induces always 
an isomorphism on hi . It also induces an isomorphism on ho provided the set of 
elements in hoC comming from E generate the group h^C . 

Lemma 14.3. Suppose that is a sign group acting on a quadratic pair module 
C and that the group G acts on E in such a way that ip is G-equivariant. Then 
there is a unique action of Gq on if*C such that the induced G-action on level is 
given by the action of G on E and the natural morphism (p^ : ip*C ^ C is a right 
A(Gq) -module morphism. 

This follows easily from the universal property of a pull-back. 

Lemma 14.4. IfC is a quadratic pair algebra, E is a pointed graded monoid, and 
E — > Ker H G Co is a graded monoid morphism then there is a unique quadratic pair 
algebra structure on ip*C such that the monoid structure o/ (</3*C)»_(o) = '^nii[E] in 
SG is induced by the monoid structure on E in the sense of |BJP05[ Section 12.1] 
and the natural morphism : ip*C C is a morphism of quadratic pair algebras. 

This is also a consequence of the universal property of a pull-back. In can be 
extended to the i?oo-case. 

Lemma 14.5. Suppose that G is an Eoa-quadratic pair algebra, E is a pointed 
graded monoid such that the symmetric group Sym(?i) acts on En in such a way that 
the multiplications En A Em — > En^m are equivariant with respect to the cross prod- 
uct homomorphisms in 118.6]) . and E ~^ Ker H is a degreewise equivariant graded 
monoid morphism. Then there is a unique Eoo-quadratic pair algebra structure on 
f*C such that the monoid structure o/ ((p*C)^, (q) = '^nii[E] m SG is induced by the 
monoid structure on E in the sense of |BJP05[ Section 12.1], the action o/Syni(n) 
on ((/?*C)„ (0) = 7j„ii[En] is given by the action on En, and the natural morphism 
: ip*G C is a morphism of E^o- quadratic pair algebras. 

15. Secondary homotopy groups of spectra 

Secondary homotopy groups of spaces introduced in the previous section can be 
used to define secondary homotopy groups of spectra which are the crucial tools in 
this paper. 

Given a space X and a pointed map E — > Vt^X inducing a homomorphism 
ip: {E)nii {n"-X)nii, we write 

UnA^lE) = ^*Un,.X 

for the pull-back construction defined in (|14.ip . 

Definition 15.1. Let X be now a spectrum. The secondary homotopy group 7Tn,*X, 
n > 0, is defined as the colimit in qpm 

TTn.^X co\imUk+n.*{Xk\^"'Xo). 

k>Q T . \ I 

Here the map f2"Xo is obtained by taking fl" on the adjoint of the 

structure map crfc,o : S'' A Xo Xk, i.e. it sends an n-loop f : Xo to the 

composite 

8''+^'^^ S'' AXo^-^Xk. 
The bonding morphisms of the directed system 

^k+n,*{Xk\i^"'Xo) > Ili+k+7i,*{Xi+k\^^'' Xo) 

are defined to be the identity on levels and ee, so TTn^(p)X ~ Z„ii[ri"Xo] and 
T:n,*X is 0-free, and hence 0-good. On the 1-level the bonding morphism is defined 
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by the composite in qpm 

»1.O01 
A 

A Xk) 

ni+fc+ri,*^l+fc 

Here the first isomorphism is the unit isomorphism for the symmetric monoidal 
structure in qpm. In the second arrow we use the morphism ii q in Remark 
113.51 The morphism A is the smash product for secondary homotopy groups of 
spaces constructed in |BM07) . 

Remark 15.2. The quadratic pair module iTn^^S" is quasi-isomorphic to Z„i;. The 
quasi-isomorphism tnfl- "^nii — > '!^n,*S" is defined by «n,o(l) — Is" S {^"'S"')nih 
in Remark ll3.5l This quasi-isomorphism is an isomorphism for n = 0. This remark 
foUows for instance from Proposition 115.41 befow. 

The symmetric track group SymQ(n) acts on Ilk+n,*{Xk\^'"Xo), see Lemma 
114.31 The induced action of the symmetric group Sym(n) at level is given by the 
action on f2"Xo considered in the previous section. The bonding morphisms of the 
directed system are right j4(SymQ(n))-module morphisms, therefore 7r„^*X carries 
a natural action of SymQ(n). 

For any il-spectrum X we derive from (jl3.8p and Lemma [14.21 the natural iso- 
morphisms, ri > 0, 

(15.3) /io7r„,*X = 7r„X, 

hiTTn^t,X = TTn+lX. 

The following proposition follows from Proposition 113.91 

Proposition 15.4. Let X be an Q-spectrum. The k-invariant o/7r„ „X coincides 
via the isomorphisms U5.3\) with the homomorphism 77: 7r„X ■Un+iX induced by 
multiplication with the stable Hopf map rj 6 7ri5. 

The projection to the colimit yields a natural morphism in qpm 

0n '■ ^n,*XQ > 'Kn,*X. 

In case X is an fi-spectrum 0„ is levelwise surjective for n = 0, 1 and an isomor- 
phism for n > 2. The next result is a crucial ingredient for the main theorems in 
this paper. 

Theorem 15.5. Let X,Y,Z be symmetric spectra which are D,-spectra and let 
f: X AY ^ Z be a morphism in Sp^. Then for all 71, m > there is a unique 
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morphism fn,m in qpm for which the following diagram commutes 



^n+m,*{XQ A Yq) 



^ TT, 



The filler fn.m will be constructed in Theorem 115.171 In order to define it we 
consider the morphisms 



(15.6) 



Uk+i+n+mAix A r)fe+i|r!"+™(x A r)o) 

defined on the (O)-level by 

(15.7) Z™i[O"Xo]0Z™i[fi™yo] 



Z„,i[(17"Xo) A(17"yo)] 



Z„,a[r!"+™(XoAro)] 

z„ian"+'"jo,o] 
ZnuP^+"'iX AY)o] 



Here the first arrow is the isomorphism in |BM07[ 3,7] and A : (f7"Xo) A (f^™Fo) ^ 
n"+'"(Xo A Yo) is the map defined by (/: 5'" ^ Xq) A (g: 5™ ^ Fo) = / A 
(7: 5'"+'" Xq a ¥(). Moreover, the morphism (jl5.6p is induced on the 1-level by 



(15.. 



^k+n,*{Xk) Ill+,n,*{Yl) 



^k+n+l+rn.* 

T^k + 7i + l + m,tjk,l 

^k+n+l+m,*{X A Y)k+l 

(lfcXT,_„Xl™)* 

^k+l+n+m,*{X A Y)k+l 



Here the last arrow is given by the right action of the sign group Symu^k+l+n+m). 
Lemma 15.9. The morphism 115.6\) is well defined. 



Proof. We have to check that the composite (|15.7p is compatible with (|15.8p so that 
P5.6p is indeed defined. This follows from the fact that given maps /: 5" ^ Xq, 
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g : 5™ Yq the following diagram commutes 

lfcXT,,„xl„ S'-'A/AS'Ag , 

5"= A A 5" A S"" ^ 5"= A S"" A S" A S"" > S"= A A S" A Yq 



5''=+' A A Fo 

Jo,o 

5"=+' A (X A F)o 



^fe Al, 

-4 (X A 



□ 



Theorem 15.10. Suppose that E is a pointed space, (p: E ^ ri"+™X is a pointed 
weak equivalence and the symmetric group Sym(n) acts from the left on X in such 
a way that the adjoint 

V': S" AS"' AE — >X 

of if is equivariant with respect to the left action of Sym(n) on the sphere S" . 
Suppose also that m > I. Then for any r e Sym(n) the two possible composites in 
the diagram 



n. 



{X\E) 



X ] Iln+m.*X 



coincide. 



Proof. The theorem is obvious in degrees and ee. Let us check the degree 1 case. 
Obviously the statement of Theorem 115.101 is non-trivial just in case n > 2 so we 
can suppose that we are within this range, and hence n -|- m > 3. 
Let [/, F] e Iln+m,i{X, E). This element is represented by a map 

/: s^ -^yES\ 

such that the image of (7ri/)(l) G {E) in the quotient {E)nii is F], and a track 






S ^ / S ^ 



Here Lp is the underlying map of Lp above between pointed discrete sets. 

On the one hand the element »T)iy9^[/, F] is represented by 

(15.11) 

■ -^.X 




Here fi^+^r is also regarded as a map between pointed discrete sets. 
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On the other hand (r x l„i)*(y5^[/, F] is given by 
(15.12) 




Here n"'+"'X is regarded as a discrete pointed set, (r x 1)*: f^^+^X 
is the pointed map induced by precomposition with t x 1,„ = r A S'™ : 5*"+™ 
gn+m^ (-.^signj^r) . ^„+,„ ^ ^„+„ {n + TTi - l)-fold suspension of the map 

(.)sign(r) : 5-1 _^ 5-1 where we use the multiphcative topological abelian group struc- 
ture of S"^, f : r x l„i i'Tn+rn'^ track, and Q is the unique track with Hopf 
invariant 

Since ip is Sym(n)-equivariant we have the equation 
(15.13) (r!"T)(^ = (r X 1„)V. 

We use this equation in order to simplify diagram ()15.12p by using Lemma 115.161 
below. 

The hypothesis to > 1 is also needed in order to apply Lemma 115.161 below . By 
Lemma [15.161 the track p5.12p coincides with 
(15.14) 




Any track horizontally composed with a trivial map becomes a trivial track, there- 
fore in order to complete the proof it is enough to check that 

(15.15) tF = F{tx1). 
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The track F can be regarded as the relative homotopy class of a path in ri"+™X 
between two points comming from E. Since is a weak equivalence the whole path 
comes from E up to homotopy. Moreover, by ()15.13|) the two possible composites 
in the diagram 

^ (rxl„)- 



coincide. Hence (d) follows. 



□ 



The following lemma is used in the proof of Theorem 115.101 above. The map 
(•)n+m^'' cind the track f in the statement of the lemma can also be found in the 
proof of Theorem 115.101 

Lemma 15.16. Let m> 1. Given two pointed sets A, B and a map /: Va —>■ 
WbS^ the Hopf invariant of the composite track M{f) 



Vr5'"+" 




tas^as 



is defined by the equation, a ^ A 
Hopf{M{f)){a) - 




(■)^'fi"'AB 



sign(r; 



H{{TTifUi{a))e®"L[B]. 



where (7ri/)„i;(a) denotes the image underirif of the generator a G (A) ^ tti{\/aS^) 
projected to {B)nii- 

Proof. By using similar techniques to |BM07[ 16] one can check that it is enough to 
prove the statement for / — (•)~^ : ^ the complex inversion. We have that 



sign(r) 



Hi-l) 



sign(T) 



e z/2. 



This coincides with Hopf {M{{-) ^)) provided the following identity holds in the 
positive pin group Pin^(n + m) as defined in [BM06ci 6.6] 

The positive pin group is defined in [BM06c[ 6.6] as a subgroup of units in the 
Clifford algebra C+(n-|-m) with generators ei, . . . , Cn+m associated to the Euclidean 
scalar product in M"+™. See also |BM06c| 6.11] to see how f defines an element in 
Pinj^{n + m). Now the equation can be checked by using the defining relations of 
C+{n + to), sec [BM06c, 6.6], and the fact that f does not depend on Cn+m as an 
element in C+(n + to). □ 

We use Theorem 115. 101 to prove the following result. 

Theorem 15.17. For any morphism of symmetric spectra f: X AY ^ U with U 
fibrant the composite of U5.6]) with the morphism 



(a) 



Ilk+l+n+rnAiX A F ) fe+, | (X A Y)o) 



If/c+Z+ri+m,* (C^fe+i |f^"^™C^o) 
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induced by f defines a morphism in qpm 

(b) fn.m ■ "^n,*^ O ^m,*^ ^ '^n+m,*^ 

by taking colimits over k,l > 0. 

Proof. The map / clearly induces a morphism (a) which is Z,„;; [r2"+™/o] on the 
(O)-level and which is induced by Hk+i+n+m,* f on the 1-level. 

In order to check that the morphism (b) is defined in the colimit it is enough to 
check that 

(c) /*Cr*(ls'iA(lfe X Tl^m X ln)*(jfe,;)*(aAfe)) 
is equal to both 

(d) /*(ln-fe X Ti^rn X lrO*Ol+fcj)*(o'*(lsiAa)A&)), 



(e) 



/*(lfe X Ti+i^rn X 1„ ) * (jfc4+; ) * ("A^* ( Igi A6) ) , 



at least for k,l sufficiently large. We will see that equality (c) — (d) holds for any 
k and I, while we have to require Z > 1 to check that (c) = (e). 
In order to check (c) = (d) we consider the following equations 

(c) = 

X l„)*cr4l5iA(jfej)*(aA6)) 
= X Ti,m X l„)*cr*(S'i A jfcj)*(lsiA(aA6)) 

= (d). 

For the first equality we use the fact that the sign group action on secondary 
homotopy groups of spaces is natural and that the smash product operation is 
equivariant, see |BM07| 7.1 and 8.13. For the second one we use again the naturality 
of the smash product operation. For the last one we use the fact that the following 
diagram commutes 



S^AXkA Yi 



^1 A (X A Y)k+i 



X 



1+k 



AY, 



Jl + k.l 



-^{XAY),+k+i 



Let us now check (c) — (e) under the assumption I > 1. Here we need to 
assume that U is fibrant in order to apply Theorem 115.101 Let T/\ : Xk A = 

A Xk be the symmetry isomorphism for the smash product of pointed spaces. 
The commutativity rule for the smash product operation on secondary homotopy 
groups, see |BM07) 7.3., and the fact that H{lgi) = show that 



(TA)*(aAlsi) 

Using this equality together with the commutativity of 



rlkC^S^Aa). 



XkAS^ AYi AXkA Yi ^ ) A {X A Y)k+i 



XfcACT 



Xk A Yi+i 



3k.l + l 



-^{X A Y)k+i+i ^ 



{XAY),+k+i 
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and the arguments used to check (c) — (d) one can obtain the first equahty in the 
foUowing chain of equations. 

(e) = X Ti+,,„ X 

{Tk+n,i X l;+„j)*(Ti,fc X l;)*o-*(lsiA(jfc,i)*(aA6)) 

= (Ife X Ti+i^n X Im)* 

{Tk+n,l X ^l+m)*{Tl,k X 1;)* 
(ll + fc X Tnj X 

/,(T,(lslA(lfe X Ti^n X lm)*(jfc,i)*(«A&)) 
= (Ife X Ti+i^n X 

{Tk+n,l X l;+,„)*(Ti,fe X l;)»(li+fe X T„^( X !,„)* 
(Tfc,l X l;)*(Ti,fc X 1;)* 

/*CT*(lsiA(lfc X r/,„ X lm)*Ofej)*(aA^)) 

= (Ife X Ti+i^n X Im)* 

(Tfc+n,l X l;+„i)*(Ti_fc X 1;)* 

(ll + fe X TnJ X l„i)* 

(Tfc,! X l;)*(Ti_fe X l;+„+„i)* 

/,cr*(lsiA(lfc X r/,„ X lm)*ijk,i)*iaAb)) 
= (c) 

In the second and the third steps we introduce permutations which cancel each 
other. For the last equality we use the identities 

(n,fc X li+„+,„)(li+fe X TnA X lm)(Tfe+„4 X l;+„i)(lfe X ri+/^„ X !„) = 1, 

(Ti,fc X l;)(Tfe,i X 1,) = 1. 



For (f) we use the hypothesis / > 1 and Theorem llS.lOl applied to the map 

obtained by taking on the adjoint of cri+'=+' : 5^+''^+' AUq ^ Ui+k+i- The 

map iy9 is a weak equivalence since U is fibrant. Moreover, the adjoint of ip is the 
composite 

3^+'' A S*' A 5"+" A rt"+"'Uo 5^+'= A S*' A t/o Ui+k+i, 

where the first arrow is obtained by taking 5^+^^ A 5' A — on the adjoint 5'"+'" A 
n"+™[/o Uq of the identity map on ri"+™C/o, therefore ip is Sym(l-|-fc)-equivariant 
with respect to, the action of Sym(l + k) on 5^+'^ by permutation of corrdi- 
nates, and the pull-back action of Sym(l + k + I) on Ui^k+i along the inclusion 
- X 1, : Sym(l + k) ^ Sym(l + k + l). □ 

One now readily checks that the homomorphism fn,m given by Theorem 115.171 
proves Theorem ll5.5l 

16. Proof of Theorems [13 Ol and WT^ 

Since the notation tt* „ is also used in the statement of Theorems 16.41 \7~^ and 
I9.12l we denote in this section the secondary homotopy groups of spectra defined in 
the previous section by 7f*_*. 

Proof of Theorem \6.4\ Let L be a fibrant replacement functor in the model category 
of ring spectra. We define the functor tt,., in the statement of Theorem 16.41 as the 
composite ir^^^L. Given a ring spectrum R the ring multiplication /z: LR A LR — > 
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LR and Theorem 115.51 induce a quadratic pair algebra structure on tt^,^LR with 
multiphcation 

/i*,* : TT^^^LR TT^. ^.LR — > TT^:^^LR. 

Moreover, 7fo,*S'° = Z„i;, and the unit u: S'^ ^ LR of the ring spectrum LR induces 
the unit of the quadratic pair algebra Ti^_^LR, which is the image of 1 G Z = {'Lnii)o 
by the morphism 

Z„ii = 7fo,*S''^ > vf.p^^S''^ n^^^LR. 

The axioms of a quadratic pair algebra are satisfied since Tt^^<,LR is a monoid in the 
symmetric monoidal category qpm^ of ]N-graded 0-good quadratic pair algebras. 
This follows from Theorem 16.41 and the fact that secondary homotopy groups of 
pointed spaces form a lax monoidal functor to qpm^, as we show in |BM07j . 

Let us check the statement about Toda brackets and Massey products. For the 
definition of Toda brackets in (|1.2p we assumed R to be fibrant. In this proof 
we do not make this assumption, therefore we replace R in (|1.2p by the fibrant 
replacement LR. 

The right Li?-module maps a, 6, c in (|1.2p are the same as maps of pointed spaces 
a: 5^ — > LRo, b: S'^ ^ LRq, c: 5'' — > LRq. These pointed maps are basis elements 
in the level of 7r*.*i? representing a, b, c, as in Definition 16. 31 Moreover, the tracks 
e and / in (11. 2p can be regarded as tracks between pointed maps e: /io(a A 5) ^ 0, 
/: noib Ac) 0. These tracks in Top* represent elements in Up+q^iLRo and 
Ilq^r,iLRo, respectively, which project to level 1 elements in the colimit tt^^^R 
also denoted by e and /. These elements satisfy d{e) = fj.o{a Ab) — a ■ b and 
9{f) — Mo(^ A c) ~ 5 • c as required in Definition 16.31 Finally we notice that the 
element — e • c+ a ■ f defining the Massey product corresponds exactly to the pasting 
of diagram ()1.2p . which defines the Toda bracket, hence they coincide. 

The statement about the A:- invariant follows from Proposition 115.41 □ 

Proof of Theorem \7.4\ Let L be a fibrant replacement functor in the model category 
of ring spectra and let L' be a fibrant replacement in the model category of right 
Li?-modules. We define the functor tt*^* in the statement of Theorem 17.41 as the 
composite 7f,,*L'(- A^ LR). See |MMSS01[ 22.2] for the definition of A^. Given a 
right i?-module M the right action of the ring spectrum LR on the module spectrum 
L'{M ArLR), 

7: L'{M Ar LR) ALR^ L'{M Ar LR), 

and Theorem 115.51 induce a right 7f*,,tLi?-modulc structure on Tt^^^,L'(M Ar, LR) 
with multiplication 

7*,* : 7T^,,^,L'(M Ar LR) 7f*,*Li? — > 7f*^*Li?, 

compare the proof of Theorem 16 . 41 above . The axioms of a right 7f*_*Li?-module are 
satisfied since 7f*^*L'(M Ar LR) is right module over the monoid monoid 7f*^*Li? 
in the symmetric monoidal category qpm^ of IN-graded 0-good quadratic pair 
algebras. This follows from Theorem 16.41 and the fact that secondary homotopy 
groups of pointed spaces form a lax monoidal functor to qpm^, as we show in 
|BM07j . 

The statements about Massey products and Toda brackets follow as in the proof 
of Theorem l6.4l The identification of the product morphism (j7.2p is an easy exercise. 

□ 

Remark 16.1. Once defined the functor tt* „ in Theorem 17.41 we explicitly indicate 
how to construct the morphism (|11.13p in the proof of Theorem 111.71 from a trivial 
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cofibration / : R^^ 



ni,...,nfc 



) = (5"'! V--- V^"") Ai?>^X. 




i 

7f,,4S'"i V--- V5"'=)07f,,*Li? 



J,induced by (S"i V--- VS"*" ) ALK>^L'((S"i V---VS"fc ) ALfl) and Thm. llS.l'Tl 



7f,,, L'((S'"i V--- VS'"'=) ALi?) 




In the statement of the foUowing lemma we consider the interval 1-cell complex 
K^, and the 2-cell complexes with the shape of a triangle K^, a hexagon K^, and 
a disc K*. 



Moreover, given space K we write Kj^ for the disjoint union of K with an outer 
base-point. The smash product of a pointed space K and a symmetric spectrum 
X is the symmetric spectrum defined by {K A X)n = K A X„. We denote by Ta to 
the symmetry isomorphism for the smash product of spectra. 

Lemma 16.2. Let L be afibrant replacement functor in the category of ring spectra. 
Given a commutative ring spectrum Q the multiplication /i : LQ A LQ — > LQ in LQ 
needs not be commutative, but there is a commuting homotopy ai : K^ALQALQ — > 
LQ which is coherent in the following sense: there are maps a2 ■ A LQ A LQ — > 
LQ and : K^ALQALQALQ — > LQ defined over the boundary of and as 
indicated in the diagram below. Moreover, the commuting homotopy is natural in 
the following sense: given a map of commutative ring spectra f : Q ^ Q' if ai and 
a[ denote respective commuting homotopies then there is a map an : K"^ A LQ A 
LQ — > LQ' defined over the boundary of K'^ as indicated in the diagram below. 
Furthermore, the map ai can be chosen so that the restriction to Q along the trivial 




cofibration Q ^ LQ is constant over Ki, i = 1,2,3,4. 
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ai(lA/i) 



Ai(lAQi)(rAAl) 



^i((/irA)Al) 




Here the edges labelled with a map which only depends on /i and are constant 
homotopies on the indicated map. 



Proof. Let P be the push-out 

{0,1}, AQ AQ^ 



push 



-^KlAQAQ 



{0,1} , A LQ A LQ-^ 



>P 

The inclusion of the boundary {0, 1} and Q y-^ LQ induce a trivial cofibra- 

tion 

j: P^ KIaLQALQ. 
Consider the composite map 

a: KIaQAQ — > Q AQ"^' Q LQ 

where the first arrow is given by the map collapsing the interval to a point. 
Consider also the map 

b: {Q,l}^ALQ ALQ — > LQ 

which restricted to {1} is ^ and restricted to {0} is /ir^. The maps a and b induce 
a map 

a\Jb: P — > LQ 
The map ai is defined as a lift of the following diagram 

P >LQ 



K^ALQA LQ > * 



Notice that the procedure for the construction of ai consists of defining it over 
the restriction to Q and on the boundary of according to the statement. Then 
ai is given by the usual lifting diagram in a model category. The same procedure 
can be used for the definition of Q!2, as, and Q4. □ 



Proof of Theorem \9.1'A Let L be a fibrant replacement functor in the category of 
ring spectra. Given a commutative ring spectrum Q we have to promote the qua- 
dratic pair algebra tt* ^LQ in the proof of Theorem 16.41 to an i?tx) -quadratic pair 
algebra. As we showed in the previous section the quadratic pair module 7f„ ^LQ 
carries an action of the symmetric track group SymQ(n). The multiplication, de- 
fined by Theorem ll5.51 is equivariant with respect to the sign group homomorphism 
(|8.5p . i.e. 7f*,*L(3 is a monoid in the category qpm^™° of enhanced symmetric 
sequences of 0-good quadratic pair modules. Now consider the map ai in the state- 
ment of Lemma 116.21 By Theorem 115.171 and using that the sphere spectrum S is 
the unit of the smash product, the map ai yields a morphism 

7fo,*(Jir+ A 5) n^^^LQ 7f*_*LQ — > n^^^LQ. 
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The "interval" quadratic pair module I in |BM07[ 5] is 0-free. The basis at level 
is the set of vertices of Ki, i.e. {0,1}. On level 1 it is generated by the edge 
e of and 9(e) — —(0) + (1). This correspondence between the generators of I 
and yields a morphism v: I ^ Ilo^^,K]_, see |BM07| 19]. Conposing v with the 
projection to the colimit (f)o : Hq^^K^ 7fo,*(-?f+ A 5*) we obtain a new morphism 

Such a morphism is the same as a track to the multiplication of tt, ,i(5 from the 
opposite multiplication. The maps a2 and as in Lemma 116.21 show that this track 
satisfies the idempotence and the hexagon conditions, therefore tt^^^LQ is an Eoo- 
quadratic pair algebra, see Remark 19.131 The map in Lemma 116.21 shows the 
naturaluty of -i with respect to morphisms between commutative ring spectra. 

For the statement about the smash product we notice that a in diagram p.3p is 
the same as a pointed map a: 5'^" LQq which, regarded as a basis element in 
T^2n,oLQ, represents a G 7r2„Q = Coker9. Since a is in the basis H{a) — 0. This 
simplifies the definition of the algebraic cup-one square 

(a) Sqi{a) — ~{d ■ a) ■ [t] + a a, 

see Definition 19.101 Let us recall how these summands are explicitly defined. 

An element f G Sym^ (n) as in Definition 19.101 is the same as a track f as in 
diagram p.3p . Moreover, a -a = /zo(aAa). The element (a ■ a) • [f] is the projection 
to the colimit of (/io(a A a),f) G Il4n,iLQQ in the sense of |BM06c( 4.5]. 

The map ai in Lemma 116.21 is given on degree by a homotopy (q!i)o to the 
product on LQq from the opposite product. Such a homotopy induces a track of 
quadratic pair modules, which is a function ((ai)o)* : HinfiLQo — > n4„^iLQo- The 
construction of ((ai)o)*(A^o(a A a)) can be found in [BM06a[ 7.3]. The projection 
to the colimit of this element is a -i a. 

With this description of the summands in (a) one can check that (a) is the same 
as the pasting of diagram (|1.3p . □ 

17. Proof of Theorem 13.41 

In order to derive Theorem l3.4l from Theorem l9.12l we need some technical results. 

In Remark 19.81 we indicated how the category of £'oo-pair algebras can be re- 
garded as a full subcategory of the category of £'oo-quadratic pair algebras. This 
inclusion admits a reflection 

^_ydc. (^^.quadratic pair algebras) — > (i?oo-pair algebras) 

defined as follows. 

Let C be an i?oo-quadratic pair algebra. The quadratic pair module Cn,* is a 
right 74(SymQ(n))-module for all n > 0, therefore the additivization C^''/ in the 
sense of (|5.6p is a right A(SymQ(n))"'''*-module. The pair algebra A{Symfj{n))°-'^'^ 
is the inclusion of the two-sided ideal /sign C Z Sym(n) in the group-ring of the 
symmetric group which is the kernel of the ring homomorphism Z Sym(n) — > Z 
induced by the sign homomorphism sign: Sym(n) — > {±1}- The pair module C°'^° 
is defined by the following diagram with exact rows 

U'-J-J ^n,0 0Z Sym(n) -(sign > '-'rul * <-'n,l 

Cadd T \ r^add /^adc 
n,0 0ZSym(n) ^sign > 0„ q W 0„ q 

Here the arrow labeled with a dot • is defined by one of the multiplications given 
by the right A(SymQ(n))"'*'*-module structure of Cff^. The natural projections 
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Cn,* -» C^'^f C'nif define an i?oo-quadratic pair algebra morphism C C'^'^'^, the 
unit of the reflection. The product and the cup-one product in C'^'^'^ are determined 
by this fact. 

Lemma 17.2. Let C be an Eao- quadratic pair algebra with trivial k-invariants such 
that C!^'^^ is a flat right Sym{n) -module for all n > 0. Then the natural projection 
C (ja.dc ^ quasi-isomorphism. 

Proof. Since C„_* has trivial /c-invariant the natural projection C„_* -» C^'^f is 
a quasi-isomorphism by Proposition 15.71 Moreover, since C^'^g'' is flat as a right 
Sym(n)-module then the lower horizontal arrow in the left of diagram (jl7.ip is 
injective. This implies that the upper one, labeled •, is also injective, hence the 
"snake lemma" applied to diagram (fT7T|) implies that C^J^^ ^ C'^'^^ is also a quasi- 
isomorphism, and the lemma follows. □ 

The technical condition on C^'^f in the statement of Lemma 117.21 is satisfied, 
up to a blow-up, by any i^oo-qua-dratic pair algebra, as we show in the following 
lemma. 

Lemma 17.3. Let C be a 0-free E^o- quadratic pair algebra. There is a 0-free 
quadratic pair algebra C with Cj'J'Jf a flat right Syra{n) -module for all n > and a 
natural projection C —f> C which is a quasi-isomorphism. 

Proof. Since C is 0-free there are pointed sets £"„ such that C„^(o) — Z„i; [£"„], 
71 > 0. The laws of a module over a quadratic pair algebra show that for any 
e G En and g G Sym(n) we have H(e ■ [g]) = 0. The unique elements of {En)nii 
in the kernel of H are the elements of the basis En , compare the proof of [BJP05[ 
Lemma 12]. Therefore the action of Sym(n) on {En)na is induced by an action of 
Sym(n) on the pointed set 

The right Sym(n)-module C^'Jf — ^[En] needs not be flat. It would be flat if En 
were a free pointed Sym(n)-set. We are going to construct C by replacing £"„ by a 
free Sym(n)-set without changing Hq and hi. Let 

ipn : E'n = En A (Sym(n)+) En 

be the pointed map induced by the action of Sym(n) on £"„. This map is Sym(n)- 
equivariant with respect to the action of Sym(n) on E^ given by multiplication on 
the second coordinate of the smash product. Moreover, E^ is a graded monoid with 
multiplication given coordinatewise by the product in E^ and the cross product 
homomorphisms in (j8.6p . This multiplication is equivariant with respect to the 
cross product homomorphisms. Let f. E' E he the graded map given by ipn. 

Since E^ is a free Sym(n)-set for all n > the _Boo-quadratic pair algebra C = 
ip*C in Lemma [14.51 and the natural projection ip^ : C ^ C satisfy the properties 
stated in the lemma. □ 

Now we are ready to prove Theorem 13.41 

Proof of Theorem \3.4\ The _Boo-quadratic pair algebra tt^^^^Q in Theorem 19.121 is 
0-free, therefore by Lemmas 117.21 and 117.31 the functorial i?oo-pair algebra 

proves Theorem 13.41 The natural zig-zag of quasi-isomorphisms between the pair 
algebras n'^'^^Q and n'^'^^Q is obtained by applying the additivization functor (|5.6p 
to the diagram 
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i.e. it is 

(17.4) <tg «- {^^r"" <f Q. 

For this we recall that we have defined tt^'^/Q as (vr^^^Q)"'*'' in the proof of Theorem 

o ^ ' □ 

Remark 17.5. In order to deduce Theorem 14.121 from Theorem 110.61 one extends 
the results of this section to algebras over an i?oo-quadratic pair algebra C. More 
precisely, the natural projection C ~* (jadc jjuj^cgg ^n inclusion 

(C°'^'=-algebras) C (C-algebras) . 

This inclusion admits a reflection 

(^^^ada . (c-algebras) — > (C'^'^'^-algebras) 

sending a C-algebra B to the C'^'^'^-algebra B"^"^"^ obtained from the additivization 
j^add killing the action of the symmetric groups as in ()17.ip . Lemmas 117.21 and 
117.31 admit a generalized version for C-algebras. By using this one can check as in 
the proof of Theorem 13.41 that the functor 

in Theorem 14.121 can be obtained 
taking first tt*^* in Theorem 110.61 and then applying (~)"'^" to a blow-up of the 
resulting i?oo-quadratic pair algebra. 
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